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06 »Tom paiiie

B sTom daitse OyayT npuBeieHbl KOHCIIEKTHI IEPBLIX JIEKIIHI, & jgaJiee
Oy/1eT NPUBEJICH ILJIAH-KOHCIIEKT OCTaJIbHBIX Jiekiuil. Daitr Oyier 0OHOBIATHCS
KaXKJIYI0 HeJIeJTIO.

B sTom rojy mnepBas JIeKIus POIILIA IIOC/Ie CEMUHAPOB B HECKOJBKUX
IPyIIax, MO3TOMY s PEIIUJI COBMECTUTDH BBOJIHYIO U HEPBYIO JIEKIIUIO B OJIHY,
IIPXA 9TOM OCHOBHOM cojiepzKaTesIbHbIM MaTepra/l BBOJHOMN JIEKIHH, 00 aCHMII-
TOTUYIECKUX OICHKAX, ObLT OCTaBJICH HA OTPAbOTKY Ha cemuHaphl. B daiiie g
pUBOXKY O0JIee TIOJIHBIN BApUAHT BBOJIHOW U MEPBOI JIEKIIMU, €M TOT, UTO
OBLT MMPOYNUTAH Ha IEPBOI JICKITHH.

KoncrekThl K 9TOMYy Kypcy HOJroTOBJEHBI coBMecTHO ¢ Jmutpuem Kupa-
HoBbIM U Kupniom YekaHoBbIM. DTOT KypC CUIBHO IEPECEKACTCs C KYPCOM
asiroputMoB B Ozon Masters.






Jlekiinga 0

BBeaenune. Bepxnue u Humxnue
OLEHKH CJIO?KHOCTHU aJITOPUTMOB

Jlumepamypa: |J1TTB12; KJTPTII05; KJTP02]

Conepzkanne JeKINN

1. d3pik Cu Kak MCIHOJHUTEIN AJITOPUTMOB.

2. CJIO)KHOCTH TI0 BpeMeH! U 110 HaMATH. BepxHue m HUKHUE OIEHKHN.
[Ipumepsnr:

° Baﬂa‘{a O IMIOUCKE MaKCHUMYMa IIOCJIENOBATEJIbHOCTHU: BEPXHAA U
HN2>KHAA OIICHKHN (HOCJIG,ZLHE{H — 4depe3 CBA3HOCTDb rpa(ba)

e [Iposepka 4mca n Ha MPOCTOTY TIEPEOOPOM JIeuTesteit 10 v/n —
SKCIHOHEHIUAIBHBIA aaropuT™ (CI0KHOCTD M3MEPSAETCs 110 JJIHHE
BXO/JIA. ).

3. 0O, ), © oboznauenus — HopMasbHbIE ONPEICTICHISI.

f(n) = ©(g(n)) — oTHOIIEHNE SKBUBAJIEHTHOCTH.

Ecmm P(n) — muorounen crenenu k, To P(n) = ©(nk).
e Cymma uucen ot 1 10 n ectb O(n?).
F 2k 4 4 nk = O(nkt).

Onenka cymMbl depe3 naTerpast (6e3 [0Ka3aTeIbCTBa,).
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0.1 Bseaenme

Kypc «AaropurMbl» HOCBSIIIEH PEIIeHUI0 aJIrOPUTMUIECKUX 3a1a4. 1oz
peIreHrneM Mbl IIOHUMAaeM TIOCTPOEHNE aJITOPUTMa, PEIIaloero 3a/1ady, JoKa-
3aTeJILCTBO €r0 KOPPEKTHOCTH U IOJIYYCHUE BEPXHUX U HUKHUX OIEHOK Ha
BpeMs ero paboThl U UCIIOJIB3YEMYIO TTaMsTh — OIEHKY CJIOKHOCTH. MBI He
OyieM yJieisaTh 0co00€e BHUMaHue (DOpMAIN3aINN MOHATUH «aJIrOPUTMUIECKAST
3ajaday U JaxKe «aJrOpUTM» — JeJI0 3TO HEIIPOCTOe, IT03TOMY MbI He Oy1em
TPaATUTh BpeMsi Ha (popMaIM3aIinio 3TUX MOHATH. Tem OoJiee, ITO KarKIblii
13 BaC MHTYUTUBHO MMOHUMAET CMBIC/I 9TUX MOHATHI W BPSJI JIM HUKOTJIA HE
CTAJKUBAJICA C &JITOPUTMaMU B COBPEMEHHOM MUPE.

JlaBaiiTe TPOULIIOCTPUPYEM OIUCAHHDIE BBINIE dTAIbl PEIICHHs 3a/1a91 Ha
[IpUMepe IIPOCTOM U XOPOIIIO U3BECTHOM 38149l — 3a/Ia91 O TIOMCKe MaKCUMyMa
MIOCJIeI0BATETLHOCTH.

Ilpumep 1. Ha 6xo0d 3adavu nodaémes nocacdosamesvHocms UeAbT 4ucen
T1y. ..y Ty, 6600 KOMOPOU OKAHUUBGEMCA MAPKEPOM KOHUA cmpoku. Heobxo-
AUMO HatTmU HAUOOA WU IAEMEHT, IMOT NOCALIOBAMEALHOCTIU.

Cunavaja HaM HYXKHO yOeJIUTbCs, UTO 3aJa4a aJrOPUTMUYECKU Pa3pe-
IMUMa — YBBI, He BCe 3aJla9l UMeIOT perenue. [L1s 9Tux meseit 1o0cTaToaHo
IIOCTPOUTH jlazKe He CaMblii ONTUMAaJIbHBII aJI'OPUTM — IIPUBEJIEM TaKOBOIA.
AnroputM. 3anumieM Bce JeMEHTHI MOCIEI0BATEILHOCTH B MaccuB. Byiem
CPaBHUBATHL BCE BO3MOXKHBIE IIAPBI T; ¥ T; U XPAHUTh PE3Y/IbTaT CPABHCHUA
B Marpure A (aByMepHOM Maccuse): a;; = 1, ecin x; > x; u a;; = 0 uHade.
Haiiném B mmosryumuBImeiicss MaTpuile CTPOKY, COCTOAIILYIO U3 OJTHUX €TMHUIL —
ycTh €€ HoMeD ¢. BhiBesieM 3/ieMeHT x; B KaYecTBe OTBETA.

[Tocne Toro Kak ajJropuT™M ONUCAH, HY?KHO JOKa3aTh €er0 KOPPEKTHOCTD.
KoppekTHOCTB. [I0CKOJIbKY 3/IEMEHTOB MOC/IEI0BATEIHHOCTH KOHETHOE YNC-
JIO, 3HAQYUT HaMJIETCA 3JIEMEHT T, KOTOPBIII He MEHbIIe BCeX OCTAJJIbHBIX —
10 TIOCTPOEHUIO MATPUIBI A, BCce 3jieMeHThI k-0if CTPOKH OY/IyT TOrjia paBHbI
enuaulle. Ecam ajropuT™ BBIBEJ 3JIEMEHT Ty, TO OH CpadOTaJ KOPPEKTHO,
MIOTOMY 9YTO Tj — MAKCUMYM TIO OIPEEJIEHUIO; €C/IN YK€ aJITOPUTM BBIBEJT
JIDYTOH 3JIEMEHT — X, TO X; = Tj, HOCKOIBKY ;) = 1, & 3HAYUT x; TaKxKe
ABJIAETCH MAKCUMYMOM.

[IporpaMMuCTBI 9aCTO CHUTAIOT, YTO €CJIU aJTOPUTM OIHUCAH, TO TO OIU-
caHUe M BJIFETCs JJ0Ka3aTe/IbCTBOM €0 KOPPEKTHOCTH, OJTHAKO KaK JIETKO
BUJIETD, JIJIUHA TPEIbIIYINEro ad3ara JlazkKe HeMHOTO OOJIbIe, YeM JIJTMHA
OMHMCAHUS CAMOTO aJropuTMa. BeccrmopHo, KOPPEKTHOCTDH STOTO aJITOPUTMa



OYeBH/IHA, HO MBI 3JIeCh CIIENUAIbHO OOpallaeM BHUMAaHWE Ha TO, 9TO JI0-
Ka3aTeJIbCTBO KOPPEKTHOCTH SIBJIETCS BayKHBIM ITIArOM B PEIIeHNH 3a/atu,
KOTODBIM HeJIb3s IpeHedperarh.

[Tocie TOoro KakK KOPPEeKTHOCTh aJrOPUTMa JIOKA3aHa, BOSHUKAET BOIIPOC O
TOM, HACKOJILKO 3TOT aJI'OpuTM 3pdekTuBen. B KadecTBe OCHOBHBIX IMOKa-
3areseit 5pHEKTUBHOCTH Yallle BCETO UCCIIEMAYIOT BpeMs paboThl aJlropuTMa
(KOJIM4IeCTBO Omeparyii, KOTOpble OH COBEPIIAET) U pas3Mep MoTpedIsieMoii
namsaTu. s Toro, 9Todbl (hopMaIbHO OIEHUTDH 9TH [TOKa3aTe/n, Tpedyercs
3aduKcupoBaTh GOPMATHLHYIO MOJIE/Ib BBIYUCICHUI — UCIIOJTHUTE IS AJITOPUT-
Ma. Takumu MoIeIsIME KaK [IPABUIIA sIBJISIIOTCS MAIlUHA T bIOpUHTA U Pa3HbIE
Bapuarun RAM-momen. OHako u3ydeHune 3TuX Mojeseil Mbl TaKzKe OCTa-
BUM JIJIT BTOPOT'O Kypca. B KadecTBe HCIIOTHUTENST aJrOPUTMa, MBI OyaeM
UCIO0JIB30BaTh sA3bIK Cu.

Y100bI OIEHUTH BPEMEHHYIO CJIOKHOCTD aJTOPUTMA, JOCTATOYHO 3aIiCaTh
ero koji Ha CHu ¥ IOCYUTATh KOJIMIECTBO OIEPAIHil, BBIIOJHIEMbIX TPOTPaM-
Moit. CJT0KHOCTB OIEHWBAETCSI OT JTMHBI BXO/1a. B JaHHOM mpuMepe, ITOObI
OTIEHUTH CJIOYKHOCTH, HaM HY?KHO HAJIOYKUTH JIOTIOJJHUTETHHOE YCJIOBHE Ha
3aJ1a9y: HYKHO JIOTOBOPUTBLCS, CUUTAEM JIU Mbl apudMeTUIecKrue Oreparuu
KOHCTAHTHBIMU WJIM 3aBUCAINIUME OT JIIMHBI 3anucu 4ucia. Ha mpakTuke
BBIOOD YCJIOBUS 3aBUCHUT OT 3aJIa4Ud. By/jeM cauTaTh, IYTO B HAIIEM CJIydae BCe
quCiIa T; YKIaJbIBAIOTCS B JMANa30H Integer — BbIOMpaeM IepBoe yCIOBHE.

Omnenka ciioxkHOCTHU. Ha BX0/1 mporpamme n3 Halero npuMepa nojaaéTcs
n Yuces — JUINHA BXOJa Hopsika n. [Iporpamma cpaBHUBaeT KaxK/Iblil 3JIeMEHT
¢ KaxKJbIM 1 3alloJIHAeT MaTpHILy — Ha 3TO YXOJUT IOpgAKa n’ oleparui,
U HOTOM HINET eAUHUYHYIO CTPOKY — 9TO TOXKe IIOpsIKa n’ olepaluii 3a
OJIMH TIPOXOJI TI0 MaTpuIle. BeIMoIHEHNEe KaXK 01 U3 YIIOMSIHYTBIX OIlepaIuii
CTOUT HEKOTOPYIO KOHCTAHTY (KaK M BCIIOMOTATEJbHBIX Oepalii B IIPOIecce
HCIOJIHEHUS aJICOPUTMA), TI09TOMY He TOBOPSAT, 4TO IporpaMma paboraer 3a
n?, a rOBOPAT 4TO BpeMsd PabOThbl IPOIPAMMBL NOPAJKA N> WM, YTO TOXKE
camoe — BpeMsi paboTsl airoputMa O(n?). lanee Mbl puseaéM GopMasbHoe
oIIpe/jieJieHne 9TOro 0003HATECHUSI.

Co CJI0’KHOCTBIO TI0 TIAMATH JeJ0 OOCTOUT TaKrKe: MPOTrpPaMMa XPAHUT
MAaCCUB U3 7 3JIEMEHTOB M MATPUILy U3 N 3/IeMEHTOB, a 3HAYUT UCHOJIL3yeT
©(n?) 6uros mamsTu. O6paTUM BHUMAHUE, 9TO TYT MBI CIUTAEM, UTO HEJIbIE
YUCIa YKJIQJIBIBAIOTCS B Juana3on Integer, u MOTOMY ONEPaIiy CIUTHIBAHUI,
[IPUCBANBAHNS U CPABHEHUS CTOAT KOHCTAHTY. DakTuvIeckn, STOT BBIOOD sIBJIsI-
eTCs HAIMM BBIOOPOM MOJIE/IN BBIYHUC/ICHHI, B KOTOPO# U IPOMCXOINT OIEHKA
CJIOYKHOCTH PabOTHI ajaroput™a. ey Obl MbI CIUTANN, ITO YHUCJIa MOTYT OBITDH



OYeHb OOJIBIITUMI, TO HU B OJMH IUCI0BOH THI si3bika Cu Takoe Obl IMCJIO
HE TIOMECTHJIOCh, & 3HAYUT HaM ObI PUIILIOCH CIUTATH CJIOXKHOCTH OIePaIiuii
NIPUCBAMBAHUS W CPAaBHEHUs HE KOHCTAHTHOM, & 3aBUCAIIEH OT JITUHBI 3aIlUCH
YHCesI W TOTJIa OIeHKa BpeMEHU padOThl aJrOPUTMa M3MEHUIACH ObI.

0.1.1 BepxHue u HUXKHUE OIEHKU

MpsrI o1eHU N CJI0XKHOCTD 110 BPEMEHU U TI0 TAMATH TOJIBKO OJTHOTO aJIro-
puTMa, pemarlero Hairy 3ajady. CylmecTBoBaHUE aJrOpUTMa TapaHTUPyeT
Pa3peImMOCThb 331491, a CJI0YKHOCTDH aJrOPUTMa JaéT BEPXHIOK OIEHKY Ha
CJIO’KHOCTD 3aJIa9H, II0J, KOTOPOIl MBI IIOHUMAaEeM CJIOXKHOCTH CaAMOI'0O JIyYIIero
AJITCOPUTMA, PEIIaioIIero 3a/ady. 3aMeTUM, 9TO MOYKET TaK IOy IUThCS, ITO
OJIH AJITOPUTM MOKET OBITH CAMBIM OBICTPBIM, B TO BpeMsI KaK MUHUMAJIb-
HYIO ITAMSATH MOXKET UCIIOJIb30BATH JIPYToii, HE caMbIil ObICTPBIN, aJTOPUTM.
[TosToMy MBI Beerjia pasjie/isieM CJIOXKHOCTD 3a/1a91 110 BPEMEHHU U 110 MTaMsITH,
U HaJU9ue y 3a/1a91 JABYX OIEHOK Ha CJIOXKHOCTH 110 BPEMEHHU U CJI0XKHOCTH 110
HaMsITU He BJIEUET CyIEeCTBOBAHUE AJITOPUTMA, JIJIsi KOTOPOTO 00€ 9TU OIEHKU
BBITIOJTHAFOTCSI.

[TomobHO cuMBOTY O, KOTOPBI 0603HATAET MOPSIIOK POCTa, I 0DO3HaTe-
HUsI BEPXHUX OIEHOK UCIOIB3YIOT CUMBOJI (: MBI ITOKA3aJIl, 9YTO CJIOKHOCTD
3aJ1a4u 110 BpeMenn u 1o namsatu ectb O(n?). ONEeHKH TOIBKO BepXHUE, TTOTO-
My 9TO MOTYT OBbITH aJITOPUTMbI, KOTOPBIE PEIIAIOT 33/1a9y JIyUIlle — U TaKoil
AJITOPUTM €CTb JIJIsT HAIETO IIPpUMepa.

AnroputrMm. CauraeMm mepBble Ba IJEMEHTa U CPABHUM WX, 3allOMHUB
MaKCUMAJIbHBI M3 HUX, 3aTE€M CUNTAEM TPETHIl 9JIEMEHT U CPABHUM €ro C
MaKCHMyMOM U3 TIEPBBIX JIBYX U TaK JaJjee:

m = max(xy,2); m=max(m,x3); ... m=max(m,z,).

B pesysbrare ucnosHeHus Takoro aaropurMa (Hamucarh Koi Ha Cu Mbl
OCTaBJISIEM YUTATEI0) B IIEPEMEHHOI 11 OUEBUIHO OKAYKETCsI MAKCUMYM IO~
crrefioBaTeIbHOCTH. Takoil ajsroput™ paboraer 3a BpeMsi ©(n), MOCKOIBKY
BBITIOJTHSIET 1 — 1 OIlepalliio CPABHEHUS B IPOIECCE BBIYUCIEHUST MAKCUMYMOB,
u TpebyeT KOHCTAaHTy namaru, 1o ectb O(1) namsru. Vtak, Mbl mosydumim
BEPXHUE OIEHKU TOpas3Jo JIydlle: OleHKY 1o BpeMeru ((n) W OIEHKY IO
namsaTa O(1)!

Hackosbko 3t onenku xoporue? [ToHSTHO, 9TO Jiydinasi OIeHKa II0
aMsITH HEBO3MOXKHA: AJIFOPUTM JIOJIZKEH XPAHUTH B MAMSITH XOTsI ObI MAaKCH-
MaJIbHBIH 371eMeHT, 4T0OB! ero BbiBecTH. HO 9TO HACYET OIEHKH 110 BpeMeHU !
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3/IpaBblii CMBICT TIO/ICKA3BIBAECT, YTO JIYHUIIIE STy 3349y He PEITUTh, HO KaK 3TO
snokaszarh? [louemy He HaliIETCA KTO-TO OYE€Hb YMHBIN, KOTOPBIA IPHUIYMAET
AJICOPUTM JTyHIie?

Jtst TOrO, 9TOOBI TO JI0KA3ATH HAM HYKHA (DOPMAIA3AIINS KAK aJrOPUTMA,
tak u 3aja9n. OT ajaropuT™a HaM IOTPeOyeTcst CBOMCTBO demepMuHupo8at-
HOCMU: €CJIN B TIPOTECCe BBITUCEHUN Ha JBYX PA3HBIX BXOJAX AJTOPUTM
BBITIOJIHIJI OJIHY U Ty K€ ITOCJIeJI0BATELHOCTD JefICTBUI IepBbIe 7 IIIaroB
U XPAHUT B MAMATU OJMHAKOBbIE 3HAYUEHUs, TO CJIEIYIONINIT AT JJIsi 000UX
BX0JI0B Oy/eT ojnHaKOBbIM. OT 3a/1a41 MbI TIOTpeOyeM CJIe/IyIOIee: Terephb
AJITOPUTMY He OYIyT COODIATH 3HAMEHUs] CAMUX UCE], HO AJITOPUTM MOYKET
[TOTIPOCUTH CPABHUTH J[Ba YHUCJIA U MOJYIUTh B KadeCTBe OTBETa Ha BOIIPOC

?

x; > xj ogun 6uT. Teneps 3a1ady MOXKHO cHOPMYINPOBATH TaK: €CTh 1 MO-
HET Pa3HOT'0 BeCa W YallledHbIe BEChl — HEOOXOIMMO HAWTU CAMYIO TAZKETYIO
MOHETY, COBEPIINNUB KaK MOXKHO MeHbIIIEe B3BEIlIMBAHUI].

YrBepxKaenue 1. J[asa noucka camoti mancéroth MOHEMbL HE0OT00UMO CO-
sepwumsd n — 1 83sewusarue.

/loxazameavcmeo. BosbMEM NPOM3BOJIbHBIN HAOOP M3 N MOHET C BecaMu
T1,..., T, (z; > 0) U OTHAAMM WX HA BXOJ| aJIlOPUTMY, KOTODBI JesiaeT
MeHbIIle, YeM 1 — 1 B3BelmBaHue. 3allOMHIM KaKine MOHETHI CPaBHUBAJINCH
MeKIy co00i U TOCTPOUM rpad, BEPIIMHBI KOTOPOIO — MOHETBI, & pedpo ecThb
TOJIBKO ME3K/Iy MOHETAMU, KOTOPbIe CPABHUBAJIMCH MEXK/Ly COOOI.

[TockobKy Bcero ObLIO MeHBINIe, ¥eM 71 — 1 B3BeluBaHue, TO B rpade
MeHbIlle N — 1 pebpa, a 3HaUYUT rpad HecBazeH. MakcuMym xj JIE2KUT B
HEKOTOPO# KOMIIOHEHTE CBSI3HOCTH — Ha30BEM €€ 1epBoii. B kadecTBe BTOPOI
KOMITOHEHTBI CBSI3HOCTH BO3bMEM JIIOOYIO JAPYTYIO U IIyCTh B HEfl MAKCHMYyM
Ty < Tk

VBeJInunM Bec KazKI0i MOHETHI BO BTOPOIl KOMIIOHEHTE CBSI3HOCTHU HA Xj.
9TO He OMEHSET Pe3yJIbTATOB CpaBHEHMIT, HO MAKCUMYMOM Tellepb CTAHeT
MOHETa TI0JT HOMEPOM 1M C BECOM T, + Tj. B cuIy merepMuHUPOBAHHOCTH,
AJITOPUTM Ha M3MEHEHHOM BXOJIE€ JIOJIKEH BEPHYTH MOHETY I KaK CaMylo
TAKEIYI0, HO 3HAYUT aJTOPUTM PeIaeT 3a/1ady HEBEPHO. [

Sameuyanue 1. J[emepmMunuposaHHOCTU GAZ0PUMMA “aUE 6Ce20 JOCTAMOY-
HO, 4MOoObL JOKA3AMb, YMO AA2OPUMM HE MOHCEM pabomambv cybiumetinoe
spema'. Ecau anzopumm pabomaem 3a cybaunetinoe 6pems 6 Tyouem cayHae,

L Anropur™m paboTaeT cybmHeHHOEe BpeMs, ecIi CoBepIlaeT MeHbIne, deM C'n omepa-
it — Hanpumep, mopsiika [logn].
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mo OH HE CHUMDBIBAETN, HEKOTMOPYIO HacCImb 61’0(?@, a 4mobwt pewums 3ada-
Y Hawe 6ceco HYMCHO 3HAMDb B6€ECH 6x00. Tcm, ecAU an2opumm He Y3ran
3HaueHue 001020 U3 ZTi, MO UMEHHO 3MOM SAEMEHITL MOMHCETI, OKA3ATNDCA
MAKCUMANDHDBIM.

0.2 CJ0>XHOCTh AJrOPUTMOB

Ompenemum popMabHO BPEMEHHYIO CJIOXKHOCTH PabOThI AJITOPUTMOB
(CHO}KHOCTB 110 ITaMATH OIIpe/e/IdeTCcd aHaHOFI/IqHO). BpeMeHHaH CJIOZKHOCTb
AJITOPUTMA — ITO KOJUIECTBO OIEePaIlnii, KOTOPbIe AJITOPUTM BBITIOJHSIET B
XYJIIEeM cJIydae Ha BXOJle JUTUHBI 1, TAKUM 00pa3oM, 31o dyukiud f : N; — Ny
(ot Ny MBI moHEMaeM TI0JIOXKUTE/IbHBIE Tieble Yncia). 1JockoIbKy Hac nHTe-
pPeCyIoT He YUCJIeHHbIE 3HAYeHUs TON (DYHKIINHU, a MOPIIOK POCTa, TO Jabbl
YIPOCTHUTD KU3Hb B ciydae GyHkmil Buga f(n) = n[logn| (3mech u namnee
[x] — OKpyIVIEHHK 4YuCIa T BBEPX JO IEJIOT0), Mbl OyIeM pacCMaTpUBATH
dyukmuu f: Ny — Ry, e R, —3T0 mo/io:kure/ibHbIE BeleCTBEHHbIE TNCIA.

IIpumep 2. Ha sxod nodaémes wucro N, Heobxrodumo nposepumy, A6AACMCA
AU OHO NPOCTBIM.

BaJady JIerKo PeIInTh, e ¢ ocraTkoM N Ha Kazkioe u3 unces a < v/ N:
eCJIM OJINH U3 OCTATKOB HOJIb, TO YHCJIO COCTABHOE, MHAYE — IIPOCTOE. DTOT
anropurM mMeer caoxuocrs O(vN) (MBI camTaen, 9To apudMeTHICCKIe
OIEPAIMI CTOSIT KOHCTAHTY ), HO N B JIAHHOM IpuMepe He jiynHa Bxojgal dTobst
sanucarh unciao N norpebyercs n = |logy N | 4+ 1 6uroB, 09TOMY CJI0KHOCTD
AJIrOPUTMA 10 JIJTHHE BXOJa ecTh O(2"/2) — 5T0 9KCIOHeHIMAIBHBIH aIropuTM!
HOSTOMy IIPOCThIC YHCJ/Ia UIIYT HETPUBUAJIbHBIM BEPOATHOCTHBLIM aJITOPUTMOM,
a IIOJIMHOMUAJILHBII ﬂeTepMHHHpOBaHHbIﬁ AJITOPUTM [ABJIAETCA SHAYUMbIM
pesyabraTrom B Computer Science.

0.2.1 0O-0-0-0603HayeHUda

Bhriie Mbr y2Ke uctosib3oBasm oboznatdenus © u O i OIEHKH CJI0KHOCTH
anropuTMoB. ammv Tereps hopMasibHOe OMpeIesieHne STUM 0003HATCHISIM.

Onpenenenne 1. Tosopsr, aro f(n) = O(g(n)), ecm f(n) < Cg(n) naun-
Has ¢ Hekotoporo N; 31aech C' — nosiokuresbHast Koncranta. PopmaibHo

AC >0,N e Ny Vn > N : f(n) < Cg(n).
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Taxkum obpasoMm, DYHKINS ¢ SBISETCs BepXHEH OMeHKon 11 GpyHKImn f.
BameTnm, 9TO TOr/Ia [ — 9TO HUKHAA OlleHKa Jid pyHKIwmu g. [lia onucanns
HIZKHUX OIEHOK MCIIOJIB3YIOT obo3HadeHue §2. GopmasibHo,

g9(n) = Q(f(n)), ecmn f(n) = O(g(n)).

B cnydae, korjia pyHKIMS g ABIGETCA KAK BEPXHEH, TaK M HUZKHEN OIEeHKOI
Jutd GyHKIuu f, UCHoab3yioT obosnadenue O:

f(n) =0(g(n)), ectu f(n) =0O(g(n)) u f(n) = Qg(n)).

Vupaxkuenune 1. [lokaxure, aro ecm f(n) = ©(g(n)), ro g(n) = O(f(n)).

0.2.2 Ilpumepsl u cBoOiicTBa

IIpumep 3. Ilopsadox pocma mrozouaena cmenenu k ¢ HEOMPUUAMEALHHLMU
koadppuvuenmamu, —nk :

Pi(n) = apn® + ap_ 10"t + ..+ ain + ag = O(nF).

JleficTBUTEILHO, TIYCTh G — MaKCHUMAJILHOE YUCIO cpe/in KO DUIMenTon:
a = max a;, Toraa npu n > 1, Py(n) < kan*:
(2

aknk+ak_1nk_1+...—|—a1n+a0 < an® +an* '+ .. . +an+a < k:cmk,

a snaunt Py (n) = O(n*). A Taxxe, npu JocTaToqHo GOJILIIEX N (HAIpHUMeED,
n > ka), Py(n) = in* u Py(n) = Q(n*).

Sameuanue 2. Ecmecmeenno Touemes 3aa6umv, wmo nopadok pocma npo-
U3604bH020 MHO20UAEHA P, cmenenu k ¢ nososicumenvnom kosddhuyuermom
npu cmapuem uaene ecmv n¥. Oopmanvno, 9M020 HeAb3A clenamb 6 mex
caywaaz, xKozda Pi(n) < 0 daa nexomopozo n — mui, He paccmampueaem Gymx-
YU MaKko20 6uda, CO2AGCHO ONPEIENEHUIO ACUMNMOMUYECKUT 0003HAYEHUT.
Odnaxo, nezaxornas npomesicymounas cvikaadka, nodoonas Py(n) = O(nk),
wacmo YyoooHa NPU OUEHKE CAOHCHOCTIU aA20PUMMOS. dmobvL Y3aKkoHums €€,
ML OYdem cuumams, 4mo nam 200amca ne moavko gynruyuu ud Ny 6 Ry,
no u ynrkuuu ud Ny 6 R, komopoie nawunas ¢ nexomopozo n npuruMaom
MOABKO NONOHCUMENOHBIE ZHAYEHU.

IIpumep 4. Cymma wucea om 1 do n ecmv O(n?).
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JleitcTBUTE/IBHO, CcOrTacHO hpopMyJ/ie apudMeTHIECKOH TPOTPECCUH, JTaHHAs

n(n+1)
cyMMa ecTh —————.

O6006mMM 5TOT TTPUMED.
IMpumep 5. 1% 4+ 2% + ...+ n* = O(n*!)

OHGHI/IM CBEPXY Ka}K,ZLblf/'I JJIEH CYMMBbI KaK nk, IIoJIy4daeM

F2f o anf < rnf 4 0 = xnf = 0.

OT1bpocum U3 CyMMBI TIEPBYIO MOJIOBUHY “JICHOB U 3aMETUM, UTO KarKIbIii

ocTaBmmMiics WieH He Menbie (n/2)k:

k n k n k n n k
+ 27 + +n 5 + 5 + + 5 5 % > (n*+1)

[IpuBenénnbie npumMepsl TPEOYIOT HEKOTOPOIT N300peTaTEILHOCTH JIJIsl JI0-
Ka3aTeJIbCTBA BEPXHUX U HUYKHUX OIEHOK. BMECTo HUX MOYKHO IOJTBb30BATHCS

daKTOM M3 MaTEMATHIECKOTO aHAI3A:

VrBepxkaenue 2. [lyemo f: [0, +00) — Ry — monomonnas u nenpepuisnas
Pynryus u F(x) — eé nepsoobpasnasn. Tozda

> (k) = O(F(n)).

"1 1
k=1

0.2.3 3DddekTuBHBIE AJITOPUTMBbI

Onpenenenne 2. Ilycrs f(n) — BpeMeHHas CIIOKHOCTH PaBOThI AJrOPUTMA
(MaKcuMaJIbHOE YHCJIO IMIaroB Ha BXOJE JJIMHBI 7). AJIrOpUTM Ha3bIBAETCSH
noaunomuarvnvim, ecm f(n) = O(n*) ans mekoroporo k.

Mpbr Oysem cauTaTh aaroputM 3(GGEKTUBHBIM, €CJIM OH TOJTUHOMUAJICH.
Taxk, mpuBeIEHHBIN B IpUMEpPE 2 aJITOPUTM ITPOBEPKU YHUCJIa HA IIPOCTOTY HE

9 heKTUBEH, TOCKOIbKY IKCIIOHEHITHAJICH.
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0.2.4 ©O-3KBUBaJIEHTHOCTb U cpaBHeHUe (PyHKIUi

OcraBiisieM 9UTATENIO IPOBEPUTH, 4TO oTHOIEeHnE « f(n) = O(g(n)) »
Ha MHOKecTBe dyHkuit Ny — R sBisiercst OTHOIIEHIEM 9KBHBAJCHTHOCTH;
OyzaeM HasbIBaTh ero O-sksusasientHocTh. Ecaun f(n) = ©(g(n)), To gacro
MOKHO B bopmyste 3ameHuTh f(n) Ha g(n), He U3MEHUB [P STOM TOPSIIOK
pocra dyHKIWHN, 3aaHH0i hopmystoit. OHaKO Takas 3aMeHa CIPABEJIINBA
He JUIA BeeX (POPMYyII.

VYupaxuenune 2. Ilposepsre, uro 2" # O(22"), xorst n = O(2n).

VYupaxkuenue 3. [Iposepsre, uro eciu f(n) = O(g(n)), To f(n) + h(n) =
O(g(n)+h(n)) u f(n)xh(n) = O(g(n)xh(n)) mia npoussosasbHoii dbyHKImY h.

Buak pasencTBa B obozHauerun f(n) = O(g(n)) BO3HUK mpu yIporie-
mnn Hotaruu. C dhopmanbhoit Toukn 3penus, O(g(n)), 2(g(n)) n O(g(n)) —
muokecTBa dyukuuii. [Ipasuibao 66110 661 Hcats f(n) € O(g(n)).

©-5KBUBAJICHTHOCTD (DYHKIMIT O3HAYAET UX ACHUMIITOTHYECKOE PABEHCTBO,
ecan f(n) = O(g(n)), To g acumurorndeckn He MeHbIle f, a ecan f(n) =
Q(g(n)), ro f acummroTHdecKn He GOJIbIIE ¢.

MuoxkecTBO QyHKIHI pazduBaeTcs Ha Kiracchl O-skBuBajeHTHOCTH. Ko
f m g nmexar B pasubix Kiaaccax u f(n) = O(g(n)), To orcofa ciemxyeT 9To
Bce (DYHKIUM SKBUBAJECHTHBIE [ ACHMITOTHYECKH MEHbIe BceX (yHKIMIA,
9KBUBAJICHTHBIX ¢. TakuMm 0OpasoM OIpeesIeHO OTHOIICHUE MOPSI/IKA Ha KJIac-
cax sxBuBajgeHTHOCTH. OJHAKO OTCIOJIA HE CJie/lyet, 9To ecan dhyHKuun f 1 g
PUHAJJIEZKAT PA3HBIM KJIACCAM, TO OJIHA U3 HUX ACHMIITOTUYIECKH MEHBIIe
npyroit. Hanmpumep, dyaxmm n? n n?S"" pecpaBrnMbl. DTo OoTHOIIEHME
HOP#JIKA OTIIMYIACTCA OT MOPsiIKa HA YUCJIax: OHO He JIMHEHHO, TO €CTh, He
BCE 9JIEMEHTBI CPABHUMBI.
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Jlekiimga 1

2K ajiHble aJiropuTMbl

Jlumepamypa: [[11ern04; KD12]

1. Ilpumep: 3aja49a O MOUCKE TPEYTOJHLHUKA MAKCUMAaJILHON IIOIIAJIH,
CTOPOHA KOTOPOTO JiekuT Ha ocu Ox.

2. ZKaynbie anropursMbl v uHAyKTHBHBIE (hyHKimn [[1len04].

e (OyHKIUU MAKCUMyMa U CYyMMbI — HHIYKTUBHbBIE

® UH/IYKTUBHOE PacCIUpeHne Ha IIPUMepPe MOMCKa MAKCUMyMa ITPOU3-
BeJIEHUST

3. OmraitH-aropuTMbI

1.1 IIpumep

[TporpaMMHCTBl OTHOCAT K KaJIHBIM aJIPOPUTMAaM AJITOPUTMBI, MO/ H-
HSTIOIIMECs CJIeIyIoIeMy npuHImiy. Ha KaxKaoM Imare aaropuTM HaXOIUT
JIOKAJIbHO-OIITHMAJIbHOE PellleHne 3a/a9u (TO eCThb, Jiydllee Ha JIAHHBIH MO-
MEHT), ¥ XPAHUT B IAMATH TOJBKO €ro (BO3MOYKHO ¢ HEOOJBITIM 06bEMOM
BCIIOMOTATeJIbHBIX JIAHHBIX). AJICOPUTM MOMCKA MaKCHMyMa, B IOC/Ie0BATE b
HOCTH C TPEJBIIYIIEH JIEKINU ABISIETCA KJIACCHIECKUM TPUMEPOM KA IHOIO
AJrOPUTMAa: Ha KarKJIOM Iare ajropuT™ HOMHUT TOJBKO MaKCUMYM CUUTAH-
HOI'0 HAYaIbHOI'O OTPE3Ka II0CJIEI0BATEIbHOCTH U OOHOBJISIET €r0 10 Mepe
HOSIBJIEHUST HOBBIX 3JIEMEHTOB MOC/IEI0BATEILHOCTH.

Hauném ¢ npumepa 3amadu, st KOTOPOI >KaIHbIi aJropuT™ yCTPOEH
9yTh O0JIee CJIOKHO.
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IIpumep 6. Ha 6x00 nodaromes xoopdunamuv. mouex naockocmu (o, Yo), - - -
(Tn, Yn); 6T00 3aKaHwUBAEMCA MAPKEPOM KOHUG cmpoku. Hyotcrno watimu
MPEY20NLHUK MAKCUMAAGHOT NAOWAU, 00HA U3 CMOPOH KOMOPO20 NEHCUM, H,
ocu Oz (8epuuns MpPey2oabHUKa NPUCYMCMEYIOM 6 NOCAC08AMEAHOCTIAU).

[Tono6mo 3amadaM Ha MOCTPOEHUE B T€OMETPUN, HAYHEM C alaIn3a 3a/1a40.
Ecim TpeyrosibHIK yrKe HafiJieH, TO €ro CTOpoHa, Jexkaras Ha ocu Ox, caMast
JUIHHAs cpean cropoH Ha Or 1o BceM TpeyrosbHukaMm. JleficrBurennbio,
MHAYe MOKHO 3aMEHHTH CTOPOHY TPeyroJibHUKa Ha GoJjiee JUIMHHYIO, HE T10-
MEH$B BBICOTY M YBEJMYUTH TEM CaMbIM ILIONIA b, PaccyKiast aHaJIOruIHO
3aKJ/IIOYAEM, 9TO BEPIIUHA (T, Y) TPeyroJabHUKa, He jexkalnasd na Or uMmeer
MaKCHMaJIbHOE 3HAYEHNUE |y| — HHAYe MOKHO 3aMEHHUTh BEPIUHY U YBEJIUIUTH
BBICOTY.

[TpoBesst amaau3 3aKII09AEM, UTO JIst PEIICHNS 381491 JOCTATOTHO HAHTH
caMyio JUIMHHYIO cTOpoHy Ha ocu Oz M TOUKY, He Jiexkanryio Ha ocu Ox ¢
MakCUMasIbHbIM |y|. dT0OBI HANTH CTOPOHY JIOCTATOYHO HANTH CAMYIO JIEBYIO
U CAMYIO [IPABYIO TOYKU: TO €CTh TOUKU (Zpmin, 0) 1 (Tmax, 0).

Jlist perenns 3a/1a9u MOXKHO BOCIIOJIB30BATHCH «IPUHITAIIOM YailHIKay —
TaK MPOrPaMMUCTBI HA3BIBAIOT HCIOJIb30BaHNE y2Ke roToBoro perenus. Co-
[JIACHO aHEKJIOTY, 9TOObI IPOrPaMMUCTY BCKHUIIATHTD YaiiHUK, eMy HY?KHO
B34Th YaflHUK, HAJIUTH B HETO BOJY M HayKaTh Ha KHONKY. Ho ecim mporpam-
MHUCTY JIaTh YaiiHUK C BOJOIi, TO BMECTO TOrO, 4TOOBI HaZKATh HA KHOIIKY, OH
BBLJILET BOJY U CBEJET T€M CAMBIM 33Ja4dy K LIPEIbIIyIIeil.

Urak, 9T00BI PEMIUTD 33881y, JOCTATOYHO HANTH JBa MAKCHMyMa (Cpe/iu
touek Buga (x,0) u Buna (z,y),y # 0 10 y) U OAUH MHHUMYM — sICHO, 9TO
MIHIMYM MOKHO MCKATh TaKKe KakK 1 MakCHUMyM. [lyist 9Tux 1esieif 1ocraToqHo
CYMTATH BCE KOODMHATHI B MACCUB U BBIIOJHATH TPU JUHEHHBIX aJlOPUTMA.
Takum 06pa3oM, MbI OJLY IUJIU JIMHEHHBIH [0 BDEMEHU AJTOPUTM JIJIsl PEIIeHHst
3a,/1a40.

DTOT aJIOPUTM HE CUUTACTCS KA/ HLIM, IIOTOMY YTO PEIIeHHe OH HAXOIUT
TOJIBKO B CAMOM KOHIIE M XPAHUT MHOTO JIUIHed nHGOpManu B HaMATh —
©(n) 6uroB. OJHAKO ITOT AJTOPUTM JIETKO 1TPe0bpa30BaTh B KaIHBII airo-
PUTM, JINHEHHBI 110 BpEMEHH U UCIOJIB3YIONIN{ KOHCTAHTHYIO [aMATh.

BmecTo TOro, 4Tobbl HCKaTh MAKCUMYyM ¥ MUHUMYM IIOCJIE0BATEILHO,
Oy/leM uCKaTh UX napasuieabao. CuuraB KOOPAUHATHI (X, y) OYePeIHON TOUKH,
OIIPEJIEJINM, JIEXKHT JI oHa Ha ocu Ox, U €C/IN Ja, TO MEHbIIe JIU & TeKyIIero
MUHUMYMA Tyyiy, WA OOJIBIIE JIH & TEKYIIETO MAKCUMYMA Lyay; CCJIH JKE TOUKA
He jexut Ha oc Ox (T.e. y # 0), To mpoBepuM GoJIbIIE JH || TEKYIIETO |Y|max-
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BaMeTnM, 9ITO 9aCTh JIOKA3aTeIbCTBAa KOPPEKTHOCTH OblLiTa TpHUBeIeHa
BBIITIE MIPU aHAJJIN3€ 38J1a9U, & OCTABINAsICI YaCTh COCTOUT B IIOBTOPEHUM
JIOKa3aTeJIbCTBO KOPPEKTHOCTH JIJIS aJTOPUTMa ITOUCKA MaKCUMyMa B IOCJTIe-
JIOBATEJIbHOCTH.

[Toka MBI uCIIOIB3yeM HedOPMAJILHOE TOHSITHE YKAJIHOT'O aJrOPUTMA; aJIro-
PUTM KA HBIH, €CJIN JTHS HETrO BBIMOJTHAETCS IPUHITUI «JIAI0T Oepu, a ObI0T —
6eru». PopmalibHOE OIpEJIeSIEHUE OIUPAETCH Ha MOHATUE MATPOUJIA, KOTOPOe
CJIOKHO JIjI HAIEro Kypca. Mbl peKOMEH TyeM IMO3HaAKOMUTHCS C HUM TOJIb-
KO II0CJIe M3YyUYeHUsi HaIllero Kypca, a IoKa PAcCMOTPHUM OJIMH U3 CIIOCOOOB
dopmazaIun «>KaJJHOCTH», HE IIPETEH 1Yo Ha, TOJHOTY.

1.2 MWMuaagykruBHble (PYyHKIINN

Pacemorpum dyHKINN, KOTOpBIE OMPEIeIeHbl Ha KOHETHBIX MTOCIEI0BA~
TEJILHOCTSIX TIPOU3BOJILHON JUTHHBI (L1, . . . Ty,) € SJIEMEHTAMU U3 MHOXKeCTBaA A,
U IPUHUMAIOT 3HavdeHne B MHOXKecTBe B. OyHKIWMA f JAHHOTO BUJA HA3BI-
BaeTcs uHdykmuenol, eciau cyiectsyeT dyuknus F : B x A — B, takas
ITO

flz1, o @y Tpgr) = F(f(x1, ..., 20), Tpyr)-

n
IIpumep 7. Qynkyuu max u sum(ry, ..., T,) = Y T; ABAAIOMCA UHOYKMUG-
HOLMU: =
e max(zy,..., Ty, Tny1) = max(max(xy,...,Ty), Tni1)
o sum(xy,..., Ty, Tpr1) = sum(sum(zy, ..., T,), Tpi1)

Jnsg xkaxkaoi dpynknun n3 upuMmepa [ = F, Ho B obmeM ciydae 3TO
He00sI3aTeILHO.

2KaiHblii aJIropuT™ MOXKHO HOJIYUUTH JJIs 3a1a9Ki, KOTOpas COCTOUT B
BBLIUNC/ICHUN MHAYKTUBHON yHKImio f, myTéM HaxoxKiaeHus yHKuum .
Ecmu F usBecTHA, TO JOCTATOYHO B IUKJIE CUUTBLIBATH CJACAYIONUI 3/1eMEHT
[OCJIeIOBATEIBHOCTH U BBIUUCHATh y; = F(y;_1,x;), T1e 3HaueHwe y; 1 =
f(z1,...,2;) OBLIO BBIYUCIEHO HA TIPEJIBIIYINEM Iare IUKJIA.

Opnako, gacto ObiBaer, 4To TpedyeMas MyHKIUSA He ABJISACTCS WHLYKTHB-
HOM, HO €CJIM €€ 4yTh-4yTh IOIPABUTh, TO OHa OYJIET yKe UHIYKTHUBHOI.
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IIpumep 8. Qynxuus f(xy,...x,) = mjx Ti X Tj, onpedenénnan 1a noso-
i#j

AHCUMENLHBLT UCAVT YUCAAT, He undykmuetas. Odnaxo eé mosrcHo npespa-
mumo 6 UHOYKMUBHYIO, eCAU TPAHUMD 6 NAMAMU napy (M1, Ma) U3 NEPeo2o
U 8MOP020 MAKCUMYMA NOCAEI0BAMENLHOCTIIU.

DTOT IPUEM HA3BIBAIOT WHIYKTUBHBIM paciupenneM. PopMabHO, HHITYK-
TUBHas (PYHKIUS ¢ HA3BIBACTCA UHIYKMUSHLM pacuiuperuem OyHKIN [
ecju cyriecTByer Takas dyukius ¢ : B — B, 4To

t(g(xe,...,xn)) = f(x1,. .., Tp).

i mpuMepa ¢ MAKCUMAJILHBIM IIPOU3BEICHIEM MOYKHO, B3ATh B Kade-
cTBe ¢ DYHKIMIO, BO3BPAIIAIOIILYTO TTapy (M1, ms), Torma t(mq, ms) = my X ma.

ITpumep 9 (npomomxenne npumepa 6). Hycmo f((z1,y1), (X2,Y2), - -+, (Tn, Yn))
6036PAUALTN, MAKCUMANLHYIO NAOUAD MPEY2ONLHUKA, 00HA U3 CTNOPOH KOTO-
pozo aesicum na ocu Ox. IHocmpoum dan Heé undykmueHoe pacuwupenue g.

Dyukus g BO3BpaIaeT KOOPAUHATH TPEX TOYEK ((Zmax, 0); (Tmin, 0), (z,Y)),
KOTOPbBIE ABJIAIOTCA BEPINMHaAMN TPEYT'OJIbHUKa MaKCHUMaJIbHOM’ IO M. LITO—
Ob1 ompejiesieane g O6bLI0 (POPMAJILHO KOPPEKTHLIM TOTpebyeM, 9TO ObI B
citydae, €cJid OJIHA U3 HMOJAXOIAIIIX TOYeK He OblTa eIIé CIuTaHa, B 9TOH KOM-
HOHeHTe ObLIO 3ammrcano ducyio —1, a ne mapa gucest. OyHKIUS g UHIYKTHBHA:
nocTpouM Jijist Heé GyHKIMO G, TAKYIO ITO

G(g((z191), (22, 92), -5 (Tno1; Yn1))s (Tns Yn)) = 9((Z1,91), - -, (Tn, Yn))-

Oynkiws G nosmydar Ha BXo BBIXO ((Zmax, 0), (Tmin, 0), (z,y)) dyuKImuI
g ¥ TOUKY (Zy, Yp). Ecmn y,, = 0, TO B clIydae eciiu &y, > Tmax, Tmax MEHIETCS
Ha T, & €CIU T, < Tmin, TO Tmin MEHSIETCH Ha T,. Bcim xke y, # 0, TO
ecin |y,| > |y|, To Touka (z,y) Mensiercst Ha (T, Yp). B ocTambHBIX ciydasx,
BLIXOJ PYHKIMK ¢ ocTaérea 6e3 m3menennii. KoppeKTHOCTb TaKoro mmepecdéra
sICHA U3 KOPPEKTHOCTU UCXOJHOIO aJrOPUTMa; B 3TOM HPHUMEPE MBI IIPOCTO
dopmamzoBau ero Yepes UHAYKTUBHBIE MyHKIMU. OCTAJI0Ch ONPEIE/INTh
dbyskmmio t(g(. . .)), KoTopasi BO3BpaIaeT HCKOMYIO IIOMAb % (Tmax — Tmin) Y
mim —1, ecjim oJiHA U3 KOMIIOHEHT BXOja paBHa —1. ]

OJIHUM U3 TIOJIXOJIOB PEIeHUsT aITOPUTMIYECKIX 3a/1a4 ABJISIETCS BBIOOD
MaTeMaTHIeCKOr0 NHBApUAaHTa, KOTOPBIH MOIEPKUBAECTCA B XOJI€ UCIIOJTHE-
HUsI IPOrpaMMbl. B ciiydae »KaJIHbIX aJllOPUTMOB, TAKOW WHBAPUAHT YACTO
HoJIy9aercsd HaiTu, cOpMyIMPOBaB 3aJady B TEPMUHAX WHLYKTUBHBIX (DYHK-
it (BO3MOYKHO C PACIIUpPEHeM). DTOT MOAX0 OTpaxeén B kuure [[1len(4], B
KOTOPO# MHJIYKTUBHBIE (DYHKITUU OCBSIIEHBI OOJIee 0/ IPOOHO.
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1.3 OmnaaitH-aJropuTMBbl

NupykTuBHbIE (DYHKIIUA €CTECTBEHHBIM 00Pa30M MPUMEHSIOTCS I Pellie-
HUS 3a7a9 CIIENNaILHOTO BUIA:

Bxon;: nocsieoBaTebHOCTD X1, T2, - . ., T, (N 3apaHee He 3aJIaHO);
Boixom: f(x1,x2,...,2T,).

Oyuknusa [ ABIdeTCA apaMeTpoM U (paKTUIeCKU ompeessier 3aaa4dy. Tur
9JIEMEHTOB TOC/IeI0BATEIbHOCTU 3aBUCAT OT 3aJa4u. OOpaTuM BHUMAHUE,
qro f onpejeseHa Jjid BCeX KOHEUHBIX MTOC/IEI0BATEILHOCTAX, UM 9TO TO Ke
camMoe Ha JIFOOOM MacCHBe.

Pertenne 3amaun cocrout B BeraucaeHun f(xy, Ta,...,T,), HO MOMIMO
HTOIOBOTO Pe3yJibTara TpebyeTcs BBIUNCIATh 3HadeHne f(rq, g, . . ., Tx) HOCTe
00pabOTKM KarKJIOr0 3JeMEHTa IOC/IeI0BATE/IbHOCTH Ty Ha BXOJIE.

Takune 3a7a91 9aCTO BCTPEUYAIOTCA B peaabHoi Ku3unu. Hanpumep, npu
peanu3an JIEKTPOHHONW odepe/in B OaHKe, 3apaHee HEU3BECTHO KTO W3
KJIMEHTOB MPUJIET 110 KAKOMY BOIIPOCY, U HY?KHO PACIPEIE/IATh BCeX KIMEHTOB
10 COTPYAHUKAM 110 Mepe mnpuxoia. Jpyroit npumep, npu pabore areHTCTBa
HEJIBUKUMOCTHU, HEOOXOIMMO IIPOJaBaTh KBAPTUPY IEPBOMY IIOKYIIATEJIIO,
moXKeJIaBIreMy eé mpuobpect. AreHTCTBY OBLIO ObI BBITOJHEE IOM0KIATh
BCeX TOKyTaTeseil 3a roj, y3HaTh UX MIPEJIIOYTEHNsT U TOJIBKO ITOCIE 3TOTO
[pPOJIaTh MaKCUMAJbHOE YUCI0 KBAPTUD TI0 JIYUIIUM (JIJI areHTCTBA) IIeHAM.
Ho nokyrmaresteit npuxoauTces 00C/IyKUBATh B MOPSIJIKE X ITPUXO/IA.

AJTropuT™BI I TaKUX 33189 HA3BIBAIOT 0HAAUH-aA20pummamu. To ecTs,
OHJIAIH-aJITOPUTM BBIYHCIAET 3HaueHue f(xy, oo, . .., Ty) MOCTE CINTHIBAHNS
KaK/IOTO JIEMEHTA Tf.

SaMeTnM, ITO eCIu aJrOPUTM Ha KarKJIOM Iare BBIUUC/ISIET WHIYKATBHYIO
GYHKIMIO, TO 3TO OHJIAIH aJaropuTMm. Kciam ke OH BBIUHC/ISIET WHIYKTUB-
HOe pacIlupeHne ¢, TO OH He 00s13aTeIbHO OHJIAIH — JIJI TOr0, 9TOOBI CTATh
OHJTAITH-aJITOPUTMOM, €My HY?KHO eIlé Ha KarKJOM Ilfare BBIYUC/IATh U 3HATE-
uue t(g(zy,...,2;)).

OnyaiiH-aJIrOpUTMbBI BOSHUKAIOT HE TOJIBKO ITPU M3yUeHUN KA HBIX 3a/1ad.
Harmpumep, Ha npakTuke OBIBAIOT HY?KHbBI OHJIAHH-JITOPUTMbBI COPTUPOBKH.
Takune aJIrOpuTMbI Ha KazkKJIOM Iare XpaHsaT B ITaMATH OTCOPTHUPOBAHHBII
HaYaJbHBIN OTPE30K Ioc/IenoBaresbHoCTH. [IpeacraBpre, 9T0 B OMOIHOTEKY
3a HEJIEJII0 3aBO3ST HECKOJIbKO MapTuii KHUT. KoHedHOo, 9TOObI BCe UX pac-
CTABUTH Ha IOJIKH JIyUIlle 3HATH 3apaHee KaKne KHUTU U CKOJIBKO ITPUBE3YT
(4TOOBI OCTABUTH Hy’KHOE MECTO Ha TOJIKaX), HO €CJIM 9TOr0 He 3HATh, TO
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KHIATH BCE PABHO HYXKHO PACCTABUTH HA TOJIKH B OTCOPTHPOBAHHOM ITOPSII-
Ke, 1abbl 00c/TyKUBaTh durareseil. BoaMoxkHo, 3TOT 1puMep ctaHeT boJiee
yOeuTe/IbHBIM, €CJIN Mbl 3aMEHUM OMOIMOTEKY Ha 0a3y JaHHBIX.

OdnaitH-aaropuT™MaMi Ha3bIBAIOT aJITOPUTMbI, KOTOPBIE PEMIAIOT 3a1a91
obpaboTaB BeCh BXOJ. fICHO, 9TO IPOU3BOIUTEILHOCTD O JIaiiH-aIrOPUTMOB
He XyKe, YeM OHJaiiH (mepBble MOryT paboTaTh Kak onmaiin). Jlis Heko-
TOPBIX MPAKTUIECKNX 3a1a9 HYKHbI IMEHHO OHJIAH aJIrOPUTMbI, IIO9TOMY
B computer science UCCIEAYIOT OTHOIIEHUE TPOU3BOAUTEILHOCTA OHJIANH-
ajropuTMaM K odJIaiH I 9TUX 3a1ad.

1.4 CBsa3b MexX/Jy KJIIOYEBLIMU IMOHATUSIMU
JEeKInn

Y Hac 6puTH hOpPMATIbHBIE OIPEJIeJIeHIsT HHLyKTHBHOM QYHKIMI (¢ pacim-
peHneM) u OHJIAH-aaropuT™MoB. Mbl He mpuBesn (HOPMATBLHOTO OIPEJIeJIeHIsT
JKQJIHOTO aJITOPUTMa B CUJLY €r0 TPYAHOCTH JJIsi BBOJHOIO Kypca. 3aMeTHM,
YTO 3TU HOHATHUS HAXOIAATCS B OOIIEM ITOJIOKEHUH: YKaJHbIE aJlOPUTMbBI UC-
HOJIB3YIOTCS JIJIsl 33124 ONTUMU3AINN (TAKUX KAK [TOMCK MAKCHMYyMa KaKOii-TO
dbyHKIMN), 1 9T 337491 MOTYT KaK UMETh, TaK U He UMeTh (hOPMYJIUPOBKY,
TpebyeMyIo Jist OHIaiH-aaropuT™MoB. OHIaH-aIrOPUTMBbI, B CBOIO OY€PE]Ib,
MOTYT HPUMEHATHCA He JJIst 3aja4 ONTUMHU3AIMU: HAIPUMED, JJIA 3a1a49n
COPTUPOBKH.

WuaykruBHbIe (DYHKIMA YI0OHO MCIIOIL30BATD JIJIsl TIOMCKA MHBApPUAHTA,
epecyéT KOTOPOTro 1o Mepe 00pabOTKHU JAHHBIX IIPUBOJIUT K PEIIEHUIO 3a/1a1H.
C ¥X HOMOIIBIO JIEMKO HANTH YKa IHBI aJrOpUTM JIJIsT 3JIEMEHTAPHBIX 3a/a4. B
TO K€ BpeMs, B (DOPMYIUPOBKe 3aad JIJIs OHJIAHH-aIrOPUTMOB (DaKTHUIECKN
UCIIOIL3YETC NHAYKTUBHAS (DYHKIUS.

MpbI 6y1eM KCIIOJIb30BaTh IIOHATHE »KaJIHOINO aJI'OPUTMa HedOpMaJsbHO.
Y CTyJIeHTOB BO3ZHUKAIOT COMHEHWSI: SIBJITETCSI JIM aJTOPUTM B UX DEIICHUN
»KaHbIM? Ecyn npu pernernn 3a/a9u ObLIa MOJIyYeHa WHIyKTHBHASA yHKIIUST
(BO3MOXKHO € PACIIUPEHNEM ), TO MBI CIUTaeM (JIJIsh IIPOCTOTHI), 9TO B PENTeHUN
TIOJIY YUJICS JKATHBIH aJIropuTM. XOTs YKaIHBIMU (C TOUKU 3PEeHUs MaTeMaTHKH! )
OBIBAIOT HE TOJBKO TAKHE AJITOPUTMBI, a C TOYKH 3PEHHUs] IPOIPAMMUICTOB,
JKAJTHOCTD — IMOHATHE PACTSIKIMOE.
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Jleknimga 2

Pekypcuga n nrepanug

Conep>kaHue JIeKIInUu

JTumepamypa: [/111312; [1len04]

[Iepexo OT aJaropuTMOB, 33/IAHHBIX PEKYPCUBHO, K aJrOPUTMAaM, 33/ 1aH-
HBIM UTEPATUBHO, C UCIOJIH30BAHUEM CTEeKa Ha IpuMepe ajroputMa EBkimja.

e Hanomunanue 06 UCIOIB3YyEMOI MOJIE/IN BBIYUC/ICHUN U OLEHKE CJIOXK-
HOCTH aJITOPUTMOB

e Asnropurm Eskmmua ([/I11B12] 1.2.3)

e JlokazaTe/bCcTBO HUXKHUX OIEHOK Ha BpeMsl paboThl aaropurMa EBKinaa
gepe3 ucja PuboHaTIn

e OOmas cxema Iepexo/ia OT PEKYyPCHH K UTepaIii
e Pacmmpennsrit agropurm Esximma ([/111B12] 1.2.3)
e Yucsia Qubonaquun ([/I11B12] 0.2, 3amaqa 0.4). Boraucienune uepes

— PeKypcHio
— PEKYypCHIO C 3allOMUHAHUEM
— UTEPAIHIO

— BO3BeJcHUE MaTpPHUIbI B CTEIICHDL
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2.1 HamomuHamnme 06 ncnoJib3yeMoii MoJaeJn BbI-
J1CJIeHUI 1 OIIeHKE CJI02KHOCTH aJITOPUTMOB

[IpeoxkuM auTaTe 0 OOPATUTHCA K IIPUMEPY 2, J1abbl HAIIOMHUTH, YTO
CJIOKHOCTH aJITOPUTMa U3MepsieTcsl OT JUIMHBI BXOJA. 1aK, ecii Ha BXOJ
anropur™a mofaéres anciao N > 0, To qymHa Bxoja n ecthb |logy N | 4 1; mbl
OepéM JIBOMYHBIN JiorapudM, MOCKOJIbKY B KOMIIBIOTEPAX BCE UHC/IA XPAHATCS
B JIBOMYHON cucTeMe cuaucieHus. Takke HamoMmuHuM, 9ro dbyHKIma f(n),
BO3BpAIIAIOIIas BpeMs paboThl aJrOpUTMa Ha BXO/I€ JJINHBI 1 BO3BPAIIAET
MaKCHMaJbHOE BpeMs pabOThl, T. €. CJI0KHOCTH OIEHUBAETCS I XY/IIIIEro
ciydas (a He CPeJHEro W He JIydiiero!).

OTHu 3aMevYaHus CyIIeCTBEHHBI, KOTJIa PeYb 3aXO/IUT PO YHCJIOBBIE AJII0-
PUTMBI, C KOTOPBIME MbI TTO3HAKOMUMCSI Ha 3TO Hemesne. OuH U3 caMbIxX
JIDEBHUX U3 HUX — aJropuT™M EBK/IMIa, KOTOPBII HAXOMUT HAMOOJIBINNI OOt
nemuresib ayx quces x u Yy (HO/(z,y)). IlockonbKy Ha BXOJ aaroputrmy
no/TaéTes JIBa YMCJIa, TO MBI CIUTAaEM, YTO JIJIMHA BXOJIa paBHA CyMMe JIJTMH
uncen: n = |[logy x| + [logy y| + 2 (upu x > 0 u y > 0). Ha npakruke 510 He
TaK: ec/ii Ha BXOJI TMOJAETCA J[BA YUC/A, TO HY?KHO 3HATDH IVIe 3aKAHIUBAIOTCS
OUTHI OJHOTO U HAYUHAIOTCH OUTHI JPYroro, & JIjisd STOr0 UCIOJIL3YIOT JINOO
XUTPYIO KOJUPOBKY, JTUOO TPeOYIOT YTOOBI 00a YHMC/Ia UMEJIN 3aIUCh OJNHa-
KOBOI1 JyIMHBI (OJ[HA M3 HUX MOYKET COJIEPXKATh BEJyIIUe HYJIU) HO MbI HE
obpalliaeM BHUMAHUE HA 3TH TEXHUYECKUE JIETAJIU, TOCKOJIbKY HAC UHTEPECYeT
TOJILKO TOPSIJIOK POCTa.

Yro 2Ke BaXKHO /I HAC, TAK 9TO MPABUIBHO YIUTHIBATH BPEMsI HCIIOJTHE-
Hug onepanuii. [lockobKy MBI paboTaeM ¢ aJropuTMaMy, PEAIu3yOMIMA
3JIEMEHTapHYI0 aprudMeTUKY ObITh MOXKeT Ha OYeHb GOJIBIINX Jucaax (ITo
ObIBAET HA MPAKTHUKE B KPUIITOrpadum, KaK Mbl YBUJIAM JIAJbIIE), Mbl HE
MOXKEM CUHUTATh, UTO apudMeTuvecKre OIePalli U OIEePAINU CPaABHEHUS
BoInosHsAoTesd 3a O(1).

HamomuuMm, 910 B KadecTBe UCIOJTHUTES aJITOPUTMOB MBI UCIIOJIb3YeM
s136lKk CH U cumTaeM, 9T0 KazKaasl JOMYyCTUMas OTIepaIldsi B HEM U €CThb dJIeMeH-
TapHasg omneparys B Hameil Moesn. [[ocKOIbKY B T€OpeTHYECKUX MOJIEISAX
JIUINHA BXOJIa HE OrPAaHMYEeHa, TO Mbl pasjesiseM JiBa ciaydas Mojesu. [lepsorit
(aroMapHast MOJIEJIb) — KOIJIa TIePEMEHHbBIE BMEIAIOT CKOJIb YTOHO OOJIbINIe
qHCcsIa U BCe onepanuu ¢ HuMu (apudMeTnaeckue, CpaBHEHHs U T. II.) CTOIT
O(1); Takue TmepeMeHHbIe Mbl Ha3blBaeM pezucmpamu. Bropas (Momenb c¢
OUTOBBIMU OIIEPAITUSAMIE ), KOIJIa HUKAKUX 1y/I0-PErMCTPOB HET M B KavecTBe
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eJINHUTIBI TAMSITH BBICTYITaeT OUT — 9Ta MOJIE/Ib OJIMKe K MPaKTUKe, ITOObI
OIIEHUTH CJIOKHOCTH B HEW HYXKHO MOJICIYNTATH KOJTUIECTBO OlE€palnii ¢ bura-
Mmu. [IepByto Mojie/1b MBI HCIIOIB30BAJIA Ha IIPOILIONH Hele/1e, MTOCKOJIBKY TacTo
Ha [IPAKTHUKE U3BECTHO, YTO peajibHble BXOJHBIE JIAHHBIE OIPAHUYEHBI (IIyCTh
GosbmM qucsoM N ), OJJHAKO SIBHBbIC OTDAHUYEHUS 33/[aBaTh B MOJIEJIN HEXO-
POIIIO, TOTOMY 9TO UCIOJIB3Ys OIPAHNIEHHOCTh 1 (hOPMAJIBHO KOHCTAHTHYTO
namsaTh (nopsjika 2V) MOXKHO TIOIyYUTh JI/IA 33084 JIMHeAHbIe aJrOpUTMBI,
KOTOPBIE OyIyT aOCOJIIOTHO HE TMPAKTUIHBI, B CUJIY HEBO3MOXKHOCTU HCIIOJIb-
30BaTh OIPOMHYIO HaMsTh. PopMabHBIM aHAJOTOM Halleil IIepBOil MOIe N
asiasgerca RAM-Monens.

2.2 Ot pekypcuu K uTepalmn

Ausropurm EBKiInaa moncka HarOOJIBIIETO OOIMEro AeIuTe s — KIacCuae-
CKHUil IPUMED PEKYPCUBHOIO aJIrOPUTMa, KOTOPBIH JIEMKO Pealn30BaTh UTepa-
TUBHO.

1 Function gcd(z,y) :
Bxon :(z,y) — HeoTpunaresbHble Iesble duca, T > 0
Boixon: HO/I(z, y)
if y == 0 then
‘ return z
end
return gcd(y,x mod y)
end

(=2, B U M

Puc. 2.1: Anropurm EBkiuma.

[Tepes atuM, naBaiiTe 06Cy MM KOPPEKTHOCTH aJIrOPUTMa 1 OOLIHHA MOJIXO0/1
repexo/ia oT pekypcun K urepanuu. [Iycts x = ky + b, riie b = x mod y —
OCTATOK OT JiejieHus x Ha Y. Eciu d — nanbonbimuit oOIuii e/ imre/ib © u
y, 0o b=x — ky = 2’ xd— ky' x d rakxke nenurcs Ha d. Eciin 661 BIApyT
okazasock, uro HO/I(y,b)= d' > d, To noay4aem, uro x = ky' x d' +V x d’,
a 3HAYUT, 9TO X TakKe Jeautcs Ha d’, aro HeBo3MoxkuO, T.K. HO/(z,y)= d.
Buaunt, Mbl gokazanau, aro HO/(y, b)=HO/I(z,y). Ocranocs mokazars, 910
PAaHO WM O3IHO aJTOPUTM OCTAHOBHUTCS: IIOC/IE OYEPEJIHOrO B3ATUA OCTATKA
y OyJieT paBeH HY.JIIO.
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Bynem npeanonarars, 9To & > y: ecau Ha mmare x < ¥y, TO CO CJIEIYIO-
IIEro PeKypPCUBHOTO BBI3OBa OKaxkeTcd, 9To x > y. llycrs z;,y; 3Havenne
[IEPEMEHHBIX Ha 4-OM BbI3oBe. Torma ;11 < ;11 = y; < T;, TAKIM 00Pa3oM,
IIOCJIE/IOBATEILHOCTH Y; U T; MOHOTOHHO YOBIBAIOT, a ITOCKOJIBKY OHU ITPUHU-
MalOT TOJbKO HEOTPHUIATE/bHbIE IIe/Ible 3HAUYEeHUs, TO Y; PAHO WJINA I103/IHO
OKazKeTCs HYJIEM.

[Tonyuenue BepxHeil OleHKN Ha aJropuTMm EBK/njia, a Tak»Ke paciiupeH-
Hblit aaropurm EBkiumna onucanst B [/I11B12]. TIpusesém 3j1ech HUKHIOW
OIIEHKY.

VrBepxkaenue 3. Anzopumm Eekauda 6 zydwem cayuae deaaem (n) pe-
KYPCUBHOIT 601306086, 2de n = [log, x| + [logy y| — dauna exoda.

Sameuanne 3. /i dokazamesvbemea HUNCHEN OUEHKYU HAM 0OCMAMOYHO
npusecmu 6eCKOHEYHYI NOCAEI08AMEALHOCTNY 6LOOHVLL JAHHUE (nap wucen),
na Komopux aszopumm FEexauda deaaem (n) onepayuii. Hanommum, wmo
epems pabomovl aL20PUMMG OUEHUBREMCA KAK BPEMA €20 Pabomuvl 6 TYJweMm
cayuae Ha 6xode OAUHL M.

Joxazameavcmeo ymeepoicdernus 3. B KagecTBe 1OCIEI0BATECILHOCTA BO3b-
MéM cocetane unciaa ubonadan (F, Fy_1) u T0KayKeM, 9TO Ha HUX aJTOPUTM
EBxuimia cosepmaer nopaaka k onepanmii. JIokazkeM Jij1s1 9TOTO, 9TO

HOJ(Fy, Fi_1) = HOJI(Fy_1, Fy2).

Yucyia GuboHATIN MOHOTOHHO HEYOBIBAIOT, & IMOTOMY JIJIsi KaKJ0To k
cupaseyiuBo Fj_1 > Fj_o, m mocKOJIBbKY F), = Fj_1+ Fj_o, TO OoTCIONA F) 1 >
Fi/2 (MakcmMasibHOE cjraraeMoe He MEHBIIE TIOJIOBUHBI CyMMBI). 3HAYNT
ocTaTOK OT JiejeHus Fj Ha Fj_; paBeH pa3HOCTH STUX YHUCE], KOTOpas paBHA
Fy_».

Urak, mbl oKa3anu, aro #a Bxoje (Fi, Fj_1) amropurm EBkimia gemaer
HopsiZika k pEeKypCHUBHBIX BbI30Ba (eciau ObITH TouHBIMEU, TO k — 2). Jlis
MOJIyYeHUs HUKHEH OIEHKU OCTAJIOCh JI0OKa3aTh, YTO JIJIMHA k-OT0 YHCJIA
Qubonauun mopsiaka k. JIjst 3Toro J10cTaTovHO BCIOMHHUTL (bopMysy Bume:
corstacHo Heit Fj, ~ ¢F, orciona, m BBITEKaeT TpeOyeMbIil HOPSIOK POCTA.
Oj1HaKO 3Ty OIEHKY JIETKO MOJIYIUTh U sIBHO, JOKa3aB, 4TO

k—1
27 <F <2 k>3,
9TO paBHOCHUJIBHO
k—1

5 < log, Fi < k.
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BepxHioro oIenKy JoKazKeM 110 WHAyKmmu i k > 1. Baza: F} = 1 < 2%
Hlar: F, =Fp_1 + Fp_o <2 X Fp_1 <2 X k=1 — 2k,

TJIe TIepexo/T B TTOCTIEITHEM HEPABEHCTBE BHITIOJIHEH 10 MTPEJJTIOXKEHNIO WHTYKITHH.
JloKa3aTesIbCTBO HYZKHEI OIeHKH aHajormaHoe: Fi = 2 > 21

Fo=Fp 4+ Fpy>2xFpy>2x27 =25,

]

Yupaxkuenune 4. Obparnure BHUMaHUE, 9TO TIOMUMO PEKYPCUBHBIX BBI3OBOB
aJropuT™ EBK/nma JemaeT u UHbIE Oll€pallii, U CPeJIu HUX €CTh Te, BpeMs
BBITIOJIHEHN A KOTOPLIX 3aBUCAT OT AJIMHBI BXOJa, a IIOTOMY HEJIb34d CHUTATD,
910 onM BbimosHsAOTCA 3a O(1). Onennre Bpemst paboTel anroputma EBkinna
B OMTOBOI MOJIEJN.

Anropurm EBkiuia 3aman pexkypcuBHO. HerpynHo mosiyanTh ero mre-
paruBHBIi aHajor (puc. 2.2) u ybeauThcsi, 9TO 00a AJTOPUTMA HAXOJST
HanOOJILIINIA OOIUIA JIeTUTED.

Bxon :(z,y) — HeorpunaresbHbIe IeJble ducIa, T > 0
Brixon: HO/I(z,y)

1 while y > 0 do
2 b =2 mody
3 X =y

4 y=>b

5 end

6 return z

Puc. 2.2: Ureparusnblii ajropurm EBkinjia.

Ho kak mepeiitu or pekypcun K urepanun B obiem ciaydae? U Beerya jin
9TO BO3MOXKHO?! [leficTBUTE/IBHO BCeryia, Beib JII0OOI peKYpPCHUBHBIN aropuTM
UCIIOJTHAETCST HA UTEPATUBHON MOJIEIM BbIUUCIEHUH (HallleM KOMITbIOTEpe).
Kak ke KOMIIbIOTED UCIHOJHSAET PEKYPCUBHbIE aJropuT™mbl? Mbl onuirem
OOIIYI0 UJICI0, a TeXHUICCKUE JIeTaIl OCTABUM JIJId KyPCOB 00 apXUTEKType
9BM u a3bike accembiiep.

B obmiem cirydae, peKypCUBHBIN aJrOPUTM YCTPOEH KaK OMUCAHO B IICEB-
JIOKOJIe cJieBa Ha puc. 2.3. BHyTpu peKypcuBHOI pYHKIIUN MOTYT OBITH Kak
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1 Function Rec(z) : 1 Function Iter(z) :

/* first_line x/ Bxon :x
/* Temo pexkypcuu-1 */ BbIXO,ZI;:ReC(x)
2 | z = Rec(y) 2 | stacks
/* Teno pexypcuu-2 */ 3 s.push(11, 0,...,0)
3 return wval /* first_line */
/* Teno perypcuu-3 */ /* Tenmo pekypcum - 1
4 end */

/* BMecTO 2z = Rec(y) */
s.push(7, vy, ..., v,)

X =y

goto first _line

Z =1V

/* Temo perypcum - 2
*/

/* BMecTo return wval
*/

(line, vy, ..., v,) = s.pop();
rv = val;

10 goto line;

/* Temo perkypcuu-3 */
11 return rv

N O ov s

12 end

Puc. 2.3: Ot pekypcun K urepaiun

CaMOBBI3OBBI (CTpOKa 2) JIHO0 BO3BPATHI 3HAUEHUI U BBIXOJ] U3 PEKYPCHH (CTPO-
ka 3). I To u apyroe MOKeT BCTpedaTbCsl HEOJHOKPATHO, HO TIPU MIEPEXOJIe
OT PEKypCUH K UTEpAluu CTPOKH BuJa 2 1 3 00pabaTbiBAIOTCS OJUHAKOBO.

B ciiyuae pekypCcHBHOIO BbI30Ba (CTPOKA 2), B KAKOH-TO MOMEHT MPOU30ii-
JIET BO3BpAT U MepeMeHHas 7z OyJeT olpeje/eHa, OCTaabHbIe ITepeMeHHbIe
Oy/lyT UMETh Te YK€ 3HaYeHUsl, 9TO U JIO BbI3oBa. [103TOMYy, JjIsi HTEPATUBHOIO
UCIIOJTHEHKS PEKYPCUBHOIO aJIFOPUTMa UCIIOIB3YIOT CTeK. B cTeke pasMeniaioT
3HAYEHHs [I€PEMEHHBIX, KOTOPhIE OBLIM OlPeIe/IeHbl TP BbI30BE (DYHKIMU 1
B pe3yJbTare UCIoaHeHns Koua B «Tese pekypenn-1», a TakKe HOMEP CTPOKH,
B KOTOPYIO CJIEJlyeT BEPHYThHCs MOCJIE BBIXO/IA U3 PEKYPCUBHOIO BBI30OBA.
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CaM peKypCHBHBIH BBI30B OCYIIECTB/ISIETCS ITPOCTO: TIOC/IE TTOMEITEHNsT yKa-
3aHHBIX JIAHHBIX B CTEK, TIPOMCXOJIUT TIepexo/l K 1epBoii crpoke first line (ywxe
OBbIBIICH PEKYPCUBHOI) QYHKIMN ¢ HOBBIM 3HAYCHUEM BXOJHOW MMEPEMEHHOI.

[Ipu BBIXOME M3 pekypcuu (CTpPOKa 3) HY?KHO He IIPOCTO BEPHYTH BbI-
YHUCJICHHOE 3HAYEHWE, HO U BEPHYTHCA K UCIOJHEHUIO (DYHKIUK, B CIydae,
€CJIU BBIXO]I IIPOUCXOJINT U3 PEKYPCUBHOIO BbI30Ba. /lj1s1 9TOTO IMpomcxomT
U3BJICUYCHHUE 3HAYUCHUI TIEPEMEHHBIX, OIPEJICTEHHBIX Ha MPEIbIIYIIEM YPOBHE
pekypcun (cTpoka 8) u BO3BpaT KOMaHJIOi goto K CTpOKe, B KOTOPOi IPOUC-
XOJIUT IPUCBaNBaHUE 3HAYCHUS 7, BBIYUCIECHHOIO PEKYpPCUBHO. B ciydae, eciun
BBIXOJI ObLJI HE U3 PEKYPCUBHOIO BBI30BA, a M3 OOBIYHOIO (CAMOro MepBOro
BbI30Ba (DYHKIMNI), TO MOJIyUYeHHOe 3HaYeHre Bo3Bparnaercs dbyHkiueil Iter:
B HavaJjle UCIOJIHEHNUS, B CTeK KJaJercsa Habop mepemennbix (11, 0,...,0), a
3HAQYUT IIPU TIOCJIE/IHEM BO3BpaTe MPOU30MJIET mepexo K cTpoke 11, KoTopas
U BepHET 3HaueHne dyHKImN Iter(x).

3ameTnM, YTO B UTEPATUBHOM BapuaHTe ajroputvma EBKmIa, Kak U BO
MHOTHX JIDYTUX UTEPATUBHBIX aJTOPUTMAaX, MOJYIEHHBIX U3 PEKYPCUBHBIX,
CTeK He UCIOjb3yeTcsd. CTeK IacTO MOYKHO UCKJ/IIOUNTH, PA300OPABIIICH C TEM
KaK yCTPOEHO MCIIOJTHEHUEe UTEPATHBHOTO aJropuT™Ma. A MMOpoii cTeK MOXKHO
UCKJTIOYUTh YUCTO MEXaHUIeCKH (YTO M JeJAIOT KOMIUISITOPBI IIPU TIPeot-
pPa30BaHUN PEKyPCUBHBIX (DYHKIWMI K UTEPATUBHBIM). Ecim pekypcuBHBIiI
BBI30B OBLJT COBEPIEH MPAMO II€PE]T BBIXOJAOM U3 PEKYPCUBHON (DYHKIIMH, TO
TaKOW BBI30B HA3BIBAIOT TBOCMOBHIM. 3AMETUM, UTO B C/Iydae BO3BpaTa K
UCIOJIHEHUIO (DYHKIMH TOCJIe XBOCTOBOI'O BBI30BA HUKAKKE OIepaIiuu OOJIbIIe
BBITIOJTHATHCA He OYJIyT, & 3HAYUT, 9TO MOKHO OBLIO ObI M HE BO3BPAIATHCA —
OTOPOCUTH XBOCT U HE MCIIOJIb30BATDh 3/1eCh CTEeK. B peKypCcHBHOM aropurme
EBkimmjia ucrosib3yercst Kak pa3 XBOCTOBOM BBI3OB (IIpoBepbTe 3T0!).

2.2.1 PacmupeHHBIIl nTepaTuBHBbIA ajroputM EBKianmaa

g nadajia paccCMOTPUM KOHKPETHBIH MpUMep, a 3aTeM IPUBEIeM OOIInii
aJITOPUTM 1 0OOCHOBaHME €ro KOPPEKTHOCTH.

Paccmorpum ypasuenue 715x + 273y = 91 u HalijieM ero perieHue B Ie/IbIX
IUCTIAX:

B obmiem citygae st TOro, 9TOOBI CYIIECTBOBAJIO PeIleHne YPaBHEHUS
ax+by = d B 11eJIBIX YnC/IaxX, HEOOXOIMMO U JIOCTATOTHO, YTOOBI d JIETUI0CH Ha
gcd(a, b). IIpoBepum 3T0, BOCIIOIB30BABINCE JJIsd HaxoxAeHust gcd(715,273)
OOBITHBIM aJrOPUTMOM EBKinma:
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gcd(715,273) = ged(273,715 (mod 273)) = gcd(273,169) = gcd(169, 104) =
gcd(104,65) = gcd(65,39) = gcd(39,26) = gcd(26, 13) = gcd(13,13)
= gcd(13,0) =13

Terepsb npucTynuM K perieHuio ypaBHeHus, Oy1eM 3al0JTHATh TabIuILy,
KOTOPYIO MHUIMAIU3UPYEM CJIeAYIOMUM 00Pa3oM.

X |y | 715x + 273y
110|715
0]1]273

Ha cirestyromnux marax u3 mpeanocyieHeil CTpoKn TaO IUIbl « TOKOMITOHEHT-
HO» BBIYUTAEM IOCJICTHIOI CTPOKY TaOIUIIbI, YMHOKEHHYIO Ha IIEJIYIO YaCTh OT
JleJIeHU s TIPEIIIOCTIe THETO 3HAUYeHUs B 3-eil KOJIOHKe Ha IOc/Ie/Hee: B JaHHOM

caydae ;—% = 2. Toryma wOBas crpoka B Tabuurne: (1,0,715) —2(0,1,273) =
(1, —2,169)

X |y | 715x + 273y

110 | 715

011 |273

11-2]169

Jlanee pe3yabraToM B3ATHA OCTaTKa (PaKTHIECKU Oy/eT BBIUUTAHUE U3
IIPEJIITOCAeIHEr0 3HAUYeHUsd 3-T0 cTOJIOma Iociaeanero: 273 — 169 = 104, a
3HAYUT MApaMeTPhl T U Y ONpeJessioTcs caeaytommm obpasom: (0, 1,273) —
(1,-2,169) = (—1, 3,104)

Bynem npo/1o/2KaTh BBITOJTHATH Te Ke OlEPAIdd, TTOKa B TTPABOM HUKHEM
yruty Tabsmipl He osBuTes ged(715,273) = 13.

X |y 715x + 273y
110 715

0|1 273

1 (-2 | 169

-113 104

2 |-5 |65

-3 8 39

5 | -13 ] 26

-8 121 |13
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91
Tenepb JTOMHOXKUM TIOCJIETHIOIO CTPOKY TaOJIUIBI Ha — = 7

— (7-(=8),7-21,7-13) s

OTky/a npuxoanM K paBeHCTBY: 715 - (—56) + 273 - 147 = 91

To ecthb ojHUM U3 pereHnil ypaBHeHust sBjsiercs: mapa: (—56, 147). O6parure
BHUMAaHUE, 9TO ITOT aJIFOPUTM HAXOJIUT TOJHKO OJIHO (YAaCTHOE pelleHue),
HAXOXKJIeHUe O0INEero PerieHrns OCTAB/IAeM YUTATEI0 B KAUeCTBE yIIParKHEHUs
(nm Ha U3yYeHUE JUTEPATYPHI).

Anroputrm

Bxona;: ypasuenne ax + by = d
Boixo/1: 0/1HO U3 1IEJI0YNC/IEHHBIX PelleHnil ypaBHeHMsT

1. ITposepsiem, uro d nenurcs Ha ged(a, b).

2. NuaumuaamsupyeM TabIUILy CJIETYIONIM 00Pa3oM:

Y ax + by
1 0 a
0 1 b

3. Barem OyjieM 3aI0/JHITH TAOJIUILy B COOTBECTBUU C IPABUJIOM, OIUCAH-
HBIM BBIIIIE JIO TeX TI0P, TMOKa B MPABOM HUXKHEM YTy HE OKaXKeTCs
snavenue ged(a,b)
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Y azr + by
1 0 a
0 1 b
a; bz C;
i1 bii1 Cit1
ai — [Zlai | b = [g5]bi | a = [g5]en
Qn, by, gcd(a, b)
4. JloMHO>XKaeM IIOCJIeTHIOI CTPOKY TaOJIMIIbI Ha WdaM’

HNCXOAHOI'O YpaBHEHMA.

KoppekTHoCcTh. B 1nepBbixX JIByX CTOJIONAX MBI 33/la€M 3HAYEHUA apry-
MEHTOB & ¥ ¥, B TPETbeM 3HaUYCHUe JTUHEHHOW (PYHKIUN 110 STUM apryMeHTaM,
[IO3TOMY TIPU CJIOYKEHUU JIByX CTPOK C IIPOU3BOJIBHBIMU KOI(DDUITEHTAMI
MOJIy4aeM HOBYIO CTPOKY, IJIe 3HAYEHUsI B COOTBECTBYIONINX CTOJIONAX OYIyT
JINHEHHOW KOMOMHAIINEN MCXOIHBIX CTPOK C BBIOPAHHBIMU KO3 duIimenramu.
[Ipu sTOoM Ha KaxKJO0M IIare ajJropuTMa B TPETHEM CTOJIONE «UJIyT» IIaru
0OBITHOTO ajropurMa EBKJIHIA, KOTOPBIN 3aKaHIUBAETCA HAMOOJIBLIITUM 00-
UM JieJinTesieM KOodhMUITUEHTOB UCXOIHOTO YpaBHEHUs. A 3Has 3HAYCHUS
napamerpoB x u y jyist HO/l(a, b), no juHeifHOCTH MOYKHO HAiTH perieHune

HNCXOAHOT'O YpaBHCECHUA.
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2.2.2 Ywucnaa ®PudboHau4In

Hauném ¢ pekypcuBHOTO ajaropurma, OMUCAHHOTO MceBIoKoaoM 2.4, Oye-
BHUJIHO, YTO 9TO KCIIOHEHITUAJbHBIN aJrOPUTM.

1 Function F(n) :

Bxon :n —1ejoe moa0KuTEIbHOE YUCIIO0
Brixon : n-oe uncio Oubonaadu

2 if n < 3 then

3 ‘ return 1

4 end

5 return F(n — 1) +F(n — 2)

6 end

Puc. 2.4: PekypcuBHbIil aJlropuT™ Bbluucjienus dnces PuboHaddn

PacemoTpuM j1j1st IPUBEIEHHOTO aJIlOPUTMa JIEPEBO PEKYPCUBHBIX BHI30BOB
upu n =5 (puc. 2.5).

Puc. 2.5: /lepeBo peKypCUBHBIX BBI3OBOB ajropuT™ma 2.4

I/I3 PUCYHKa BHUJHO, 9TO HdazKe€ IIPU MaJIbIX 7. aJI'OPUTM BBIYUCJIAET OJHO 1
TO K€ 3Ha4YeHUe HECKOJIBKO pa3. UToObl penuTh 3Ty NpodIeMy, MOXKHO HC-
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M0JTb30BATH MOJU(UITUPOBAHHDIN aJITOPUTM 2.0, KOTOPBIi Oy/IeT 3aIllOMUHATD
y>Ke BBIYHUCJICHHbIE 3HAYCHHUS W He OYJIeT BBIUUCIATDh UX 3aHOBO, €r0 JIEPEBO
BBI3OBOB IIPUBEJICHO Ha puc. 2.7.

1 //f[] — rnobanbHbIil MaccuB, 3aM0THEHHBII -1

S =172 = L;
Function F2(n) :

W N

Bxon :n— 1enoe mooKUTETHFHOE THCIIO
Brixon : n-oe uncio @ubonaaan

4 | if f[n] # —1 then

5 | return f[n]

6 end

7 | fln]=F2(n—1)+F2(n—2),

8 return f[n]

9 end

Puc. 2.6: Beruuciienue yepes pekypcuio ¢ 3allOMIHAHUEM

Puc. 2.7: /IepeBo peKypCHBHBIX BBI30BOB ajiropurma 2.6

3/1ech MBI TTOJIATAJIN, ITO AJITOPUTM CHadaJIa TOIIET B IIPaBoe MOJIePeBo,
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rjie OBbLIO BBIYUCIEHHO U COXpaHeHo 3Hadenne F'(3), Torma monajas 3aTeM B
JIEBYIO 9acTh HojyiepeBa 3Hadenue F'(3) Gyaer BOCCTAHOBJIEHO M3 COXPAHEHHO-
ro, a He IePEeBbIYNCICHHO 3aHOBO. /aHHBIA aJropuT™ SBJISETCI 3HAYUTEIHHO
6os1ee 3pPeKTUBHBIM Ha IMPAKTUKE, 0COOEHHO IIPU MAJBIX N.

I/ITepaTHBHBIﬁ HCGBILOHOJII/IHOMI/IaﬂbeIﬁ AJITOPUTM

Asroput™ 2.6 XOTh U 3HAYUTEIBHO JIYUIIE TPOCTOTO PEKYPCUBHOIO aJIro-
putMa 2.4, HO He 3 DEKTUBEH M0 TAMTH, TIOCKOJIBKY XPAHUT B HEll BCE JIePeBO
PEKYPCUBHBIX BbI30BOB. DMMEKTUBHOCTD 110 IMAMATUH MOYKHO CYIIECTBEHHO
VIJIYUIIUTD, EepPeiijist OT PEKYPCUU ¢ 3allOMUHAHUEM K UTEepaIuu.

1 Function F3(n) :
BxoJy :7n— 1es10€e IOJIOKUTENBHOE TUCIIO

Brixoa : n-oe quciio Pubonadan
a=1,b=1
for i + 3 ton do
c=a;
a=a+b
b=c;
end
return a

© ® N o A W N

end
Puc. 2.8: NtepaTuBublii ajaroputm

B saBucuMocTu oT paccMaTpuBaeMoil MOJIEJIH, MOYKHO 110 PA3HOMY OIEHV-
BaTh CJIOKHOCTH IIPUBEJIEHHOTO BBIIIE aJTOPUTMA: €CJIU CIUTATh, YTO apud-
MeTrueckue oneparuu ¢ nciaamu crost O(1), To Bpemsi paborsl pasao O(n).
BamMeTnM, UTO Jazke B 3TOM CJIydae ajrOPUTM He IOJTMHOMUAJIEH, TOCKOb-
KY CJIO)KHOCTBH M3MepsieTCst OT JJIMHBI BXOJIa, TO €CTh oT |log, n| — uuciio n
MOCTYIIAET HA BXOJ[ B JIBOUYHOI 3allMCH; TAKKe aJrOPUTMbI HA3BIBAIOT TICEB-
JIONOJTAHOMUAJIBHBIMU: aJIFOPUTM OYJIET MOJTUHOMUAJBHBIM, €CJTH TIOJIATh Ha
BXOJ[ YMCJIO N B YHAPHON 3aIIUCH, T. €. 7 €JMHHUIL.

Ec/u ke yauThiBaTh pasmep caraembix( 277 < F, < 2"), To Ha CJI0zKe-
nue JByX wncen a, b € (2U02(n=1]=1 oflogn) porpedyerca O(logn) GuroBbix
omneparuii. Y4uTbiBas OIEHKY Ha Moc/iegHue, dncia PuboHaqadun moryvdaem,
9TO B KOHIIE Ha Kazkjoe cyoxkenue npuxomutcs O(n) GUTOBBIX Olepariuii, or-
KyJla TI0JIydaeM, 4To BpeMs paboThl nponopiuanaibio O(n?), uro Bee paBHO
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CYIIECTBEHHO JIYYIIle PEKYPCUBHOI'O aJrOPUTMA.

OjtHako 10 JIJTHE BXOJIa 9TOT aJrOPUTM TOXKe OyJIeT SKCIIOHEHIIMATbHBIM:
nimaa BxoJa | = [logn| 6UTOB, OTKY/Ia B COOTBECTBUU C TIPUBEJICHHBIME PAC-
CYXKJIEHUSIMU Ha N, YOEXKTaeMCsl, YTO 3aBUCUMOCTD OT [ IKCIOHEHITUATbHASI.
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Jlektima 3

AJTopuTMBI
«pasjeadili 1 BJIaCTBY»

Jlumepamypa: [/111312; KJIPTII05; KJTP02]

o Jlepesbs pekypcun. JlokazarebeTBO O-0MEHOK J1JTsT AJITOPUTMOB:

— CopTHupoBKa CAUSTHAEM

[/111B12] Anropurm Kapary6st

[IKJTP0O2; KJIPITI05] AHaams3 peKyppeHTHbIX cooTHOmIeHuit. Jloka3arebcTBO OCHOBHO# Teo-
PEMBI O PEKYpCUH

[IpuBesiéM uctob3yeMyo HaMu (hOPMYJIUPOBKY OCHOBHOM TEOPEMBI O pe-
Kypcun (HCIoJIb30BaHie 60Jiee CHIIbHBIX TEOPEM B KAeCTBE OCHOBHON T€OPEMBI

Oy/IeT He3aCIUTaHO).

Teopema 1. ITycmo n,a,b € N\ {0} u d = log,a. s pexyppermmuix
coomnowenuti 6uda T'(n) = aT(n/b) + f(n), T(n) = aT(|n/b]) + f(n) u
T(n) =aT([n/b]) + f(n) cnpasedauso caedyrowee ymeeporcdenue.

1. Ecau f(n) = O(n*) daa nexomopozo ¢ > 0, mo T'(n) = O(n?).
2. Ecau f(n) =0O(n?), mo T(n) = O(n%logn).

3. Ecau a) f(n) = Qn?*e) das nexomopozo € > 0 u
6)dc:0<c<1,af(n/b) <cf(n), moT(n)=0(f(n)).
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3.0.1 CopTtupoBKa CJanSHUEM

OcHoBHOIT njeeil COPTUPOBKU CAUSHUEM sIBJISETCS IPUMEHEHUE ITPUHITAIIA,
«pasjelidgit 1 BjIacTByii». B ero ocHoBe JIEXKUT cJjie/Iyronias ujes: UCXOIHAs
3a/1a4a pas3dUBaETCsI HECKOJIBKO ITPOCTBIX I10J13a/1at, MOM00HBIX MCXO/IHOIL,
KOTODPBIE PeIaTcst PEKYPCUBHO (/IS IPOCTHIX MO/3a/1a9 PEIeH sl 0Ty daeM

HGHOCpe,ILCTBeHHO), IIOJIY9EHHbIC pEHICHU A KOM6I/IHI/IpyIOTCH JJId TIOJIydeHud
pemeHnd HCXO,QHOfI 3a/a41.

Anroput™M COpTUPOBKHU CINUSTHUEM

1. JlesmM n 971eMEHTHYIO COPTUPYEMYIO IIOCJIE/I0BATETLHOCTD Ha JIBE IO
OCJIEIOBATEILHOCTH 110 1/2 3JIeMEHTOB.

2. PekypcuBHO copTHpyeM 3TH JIBE HOJIIIOC/IEI0OBATEILHOCTH ¢ HCIIOIHb30Ba~
HUEM COPTUPOBKHU CJIMSAHUEM.

3. CoeauHsIeM JIBE TOJIIOC/IEI0BATETBHOCTHU JIJIA TTOJIY9IeHUsT OTCOPTUPO-
BaHHOI1 I10CJI€J0BATEILHOCTH.

PaccmoTrpum npumep. Tpebyercs ¢ TOMOIIBIO COPTUPOBKHU CJIUSHIEM OTCOD-
tupoBarh Maccus: [1,7,3,8,2,6,5,4]. Ha nepsom mare maccus pasbupaercst
Ha JIBE PABHBIX ITOJIOBUHBI:

Puc. 3.1: [lepsblii mar cOpTUPOBKY CJIAUSTHUEM.

,Z[aﬂee MBI pa36epeM IIpuMep A0 KOHIa, HO CHa4daJla IIPOJEMOHCTPUPYEM
npoueaypy CJanudHuAg. Hpe,ZLHOJIO}KI/IM, Y9TO MbI y2K€ OTCOPTUPOBAJIN ITOJIOBUHBI
HNCXOOAHOI'O MacCCHUBa. ﬂﬂﬂ ABYX OTCOPTUPOBAaHHBIX MaCCUBOB 3aBOAUM YyKa3aTe-
JIX, KOTOpPbLIEe CHa4daJla 6y,Hy’I‘ YKa3bIBaThb Ha KpaﬁHHe JIEBbIC JJIEMEHTDI, 3aTeM

38



6y,ZLeM CpaBHHUBaThb 3HaAYCHUA 3JIEMEHTOB B MaCCUBaX, Ha KOTOPbIE YKa3bIBa-
0T yKa3aTeJin, 1 MEHBIINN 3aHOCUTHh B HOBBIMI MacCCHUB, a yKa3aTeJ/Ib 9TOI'O
9JIEMEHTa CABUT'aTb Ha OJHO 3HAYCHHUE BIIPaBO:

Hepe,ZLBI/IFaeM YKa3aTeJlb, BHOBb CpaBHUBAa€M 3JIEMCHTDBI Ha/Jl YKa3aTeJIsAMU
1 3aHOCHUM MEHbIIICEe YUCJIO:

DTa mporeypa MOBTOPSETCs JI0 TEX MOP MOKA BECh UTOTOBBI MACCUB HE
Oy/leT 3aroJIHeH.

Koneunasa kouduryparnus OyaeT BbINVISIETh TaK:
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Kak Buano, B pesyabrare CJIUAHHUs JBYX OTCOPTHPOBAHHBIX ITOJIOBHH
MaccuBa, Mbl TIOJIYIHIA OTCOPTUPOBAHHBIN HCXOHBIH MACCHB.

OnueHnTh BpeMsi ONMUCAHHOI TIPOIE/yPhl, KoTopas HasbiBaercs «Cims-
rne» (aurst. «Merge») coBceM IPOCTO, OHO PABHO KOJI-BY C/IBUTOB yKa3aTe-
Jieit (vtn amcsry cpaBHeHHi 91eMeHTOB) - O(n).

O3HAKOMUBIIHCH C TPOIELYPOil CJAUAHAS MOXKEM BEPHYTHCA K IIPUMEDY.

Puc. 3.2: Konduryparus pekKypcuBHBIX BBI30BOB Ha JTale pa3sOnueHUs.

OueBniHO, YTO MACCUBBI JIJIMHBI OJINH OTCOPTUPOBAHDI, IIO3TOMY MOYKHO
MPUCTYIATDH K IPOIEyPe CAUTHUS, OITUCAHHON BBIIIIE.

CrustHre MacCHBOB JIIMHBI OJIMH U JBA OCTABHUM JIJI UNTATENs, CIAUTHIE
MAaCCHUBOB JIJIMHBI YeThIPE MIPUBEJICHO BBIIIIE.

KoppekTHOCTb: /i J0Ka3aTeIbCTBa KOPPEKTHOCTU AJITOPUTMa, JTOKa-
JKE€M KOPPEKTHOCTDb IPOIEAYPhl «ciusguusy. [lokaxkem, aro Ha k-oM 1rare
pabOTHI MPOTIETyPhl CJAUAHUS AJITOPUTM BBIOMpPAET A-YIO MOPSIKOBYIO CTa-
TUCTUKY MaCCUBa, COCTOSIIEr0 U3 O0bEJIEHUS JIBYX YK€ OTCOPTUPOBAHHBIX
MAaCCHBOB, TOJIYIEHHBIX Ha [IPEJIbIIYIIeM YpoBHe pekypcui. (k-oii opsiiKoBoit
CTATUCTUKON TIOCJIE/IOBATETLHOCTH 3JIEMEHTOB JIMHEHHO YIIOPSII0OUEHHOIO MHO-
JKECTBa HA3BIBAETCS TAKOW €€ 9JIEMEHT, KOTOPBIil fABJISeTCH k-BIM 3JIEMEHTOM
B OTCOPTUPOBAHHO{I 10 BO3PACTAHUIO TOC/IEI0BATEILHOCTH ). [Ipe ook,
YTBEPzK/IeHUE BBIIIE BEPHO Jid k < N, MOKaXKeM, 9TO OHO BepHO g k = n+ 1.
[Iycth B HEKOTOPBIT MOMEHT BpeMeHHU Ha 1 + 1 mare paboTbl (hUKCHPOBAHBI
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YKa3aTe/u P, ¢ Jijisi COOTBETCTBYIOIIUX MACCUBOB I, ¥, 110 IPEIOIOKEHIIO
z[i], y[j], i < p,j < q dbopMupyior nepsbie k MOPSIIKOBBIX CTATHCTUK, CJie-
noBaresbHO [p|, y[q] Gosbine a060ro U3 yrKe PACCMOTPEHHBIX JIEMEHTOB U
B TO K€ BpeMsl B CUJIy OTCOPTUPOBAHHOCTU MACCUBOB X,y MUHUMAJIbLHBIM
9JIEMEHTOM U3 HEPACCMOTPEHHBIX siBjsiercst min(x[pl, y[q]). B urore nosywaem,
49TO Ha 1 + 1 mare aaropuTM BeIOUpaeT n + 1 MOPsIKOBYIO CTATUCTUKY. Basza
HOJIy Y€HHOW MH/LyKIIMU OYEBU/IHA, U3 BBINIECKA3AHHOTO IOJIYYaeM KOPPEKT-
HOCTH HPOLEAYPHI «CAUHUS».

Onenum BpeMst pabOTHI OIIMCAHHOTO aJITOPUTMA, OHO 3aJ1a8TCA PEKYPPEHT-

HBIM COOTHOIIIEHUEM
T(n) =2T(n/2) + cn.

Ha kaxkJioM Im1are MaccuB pa3buBaeTcs Ha JBa MOJAMACCUBA MEHbIIEH JIHBI,
JIJIE KOTOPBIX MbI PEKYPCHBHO BBIZBIBAEM IPOIEAYPY COPTUPOBKU CIAUAHUEM
(3a 970 OoTBeuaer ciaaraemoe 27°(n/2), BBHIIOJHIB COPTHPOBKY JBYX MOIMACCH-
BOB UX HYKHO CJINTb, OTKY/a B CHJIy BPEMEHU PabOThI MPOTIETYPbI «CIUAHU»
MMeeM NPUBEICHHOE PEKYPPEHTHOE cooTHOMIeHue. [locTponM depeco pexypcuu,
9TOOBI MOHATH KaK PEIaTh MOA0OHBIC COOTHONICHUS:

C c c c c d | -2k

Puc. 3.3: /lepeBo pexkypcumn.

Campblit BepxHEil ypOoBeHDb Oy/IeM CINTaTh HYJIEBBIM. B BepimHax gepesa
PEKYPCUU CTOUT BPeMsl 3aTpadeHHOe aJTOPUTMOM TOJBKO Ha Ollepaliuud Ha
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9TOM yPOBHE PeKypcun (OCTasibHble ONepaliil YINTHIBAIOTCS Ha TeX YPOBHSX,
Ha KOTODBIX OHU BBITIOJIHAINCE). B ciydae COPTUPOBKU CJIUSHUEM, B BEPIIH-
HaX 3allicaHo BPeMs, KOTOPOe I0/[3a/a4a TpaTUuT Ha JajibHeiilnee pa3oueHme
U CJIUSIHUE TI0CTIe OKOHYAHUS pabOThl PEKYPCUBHBIX BbI30BOB (COOPKHU OTBETA
13 OTBETOB K MOJ3a/a9aM). B TaHHOM ciiydae MCXOHAs MO/[3a/1a9a pa3ouBa-
eTcs Ha JIBe 10/[3a/1a49i BJIBOE MEHBIIEr0 pasMepa, KOTOPhIE B CBOIO OUEPE/Ih
pas3buBalOTCA Ha JIBe 1M0/[3a/a91 BJBOE MEHBIIIErO pa3Mepa U Tak jaJee.

OreHnM 9mCI0 oneparuii Ha KaykKJIO0M YpPOBHE: HYJIEBOW ypPOBEHBb - €N
omneparuii, mepBblii ypoBeHb - ¢n/2 + cn/2 = cn, ... TaK JIO MOCJIETHErO
YPOBHS YPOBH:A, HA KOTOPOM JIJII PEIIeHus] OTHOM 3a/1a4un TpeybeTcs JIUIb
HEKOTOpas KoHcTaHTa ¢, HezaBucsias or n. O6o3HadnM 3a h — BBICOTY
IIOJTy9eHHOTO JiepeBa, OHa OYEeBH/HO BBIMHC/IACTCA W3 yPaBHEHHS i = 1,
orkysa h = log,n; Torja oblee 4mMCJIO OnEpaluii Ha IOCIEIHEM YPOBHE
¢ - 2", Bepmmmb! Ha mocseaeM ypoBHe GyjieM HA3BIBATL KPOHOT, & OCTATLHLIC
BEPIITUHBI — SHYMPEHHUMU.

Teneps mocunTaeM obInee IUCIO ONepanuii B JepeBe, Kak yBUJIUM Jlajee,
B 3aBUCHMOCTH OT IIapaMeTPOB B PEKYPPEHTHOM COOTHOIIIEHUU OCHOBHOM
BKJIa/l B YMCJIO OIlepaIiii MOTYT BHOCUTH KaK BHYTPEHHHUE BEPITUHBI, TaK U
KPOHA, MTO3TOMY HOJICUeT /I HUX MBI Oy/IeM ITPOBONTE Pa3/IeabHO .

Buyrpennue seprnb: cn(h — 1) = en(logyn — 1).

Kpona: ¢ - 2" = ¢/n

Nroro: enlogyn — cn + ¢'n = ©(nlog, n)

3.0.2 BnicTpoe ymHoxKeHue - AgroputMm KapaimyObr

OrmurreM ajropuT™ TO3BOJISIIOIINAN BBITIOJTHATE OMPEINI0 YMHOMKEHUST JIBYX
ancesn A u B 6uropoit aymubl n 3a spemst O(n!o823).

[IpeacraBum T gucia B Bujge A = ab, B = cd rne a,c - crapiime
ITOJIOBUHBI JIBOUYHOI 3arucu, b, d - Mjajiire 1MOoJIOBUHBI JIBOUYHOI 3aItucu
(murst amesta 11 = 10115 a = 100 = 2, b = 115 = 3).

B stom ciryuae:

Ax B=abxcd=(ax2"4+b)(cx2"?+d) = ab2" + bd 4+ 2"/*(ad + bc).

BamernM, aro (ad+ be) = (a+b)(c+d) — ac — bd, Grorogapst demy mosydaem,
Y9TO AJId BbIYHUCJ/ICHUA NCKOMOI'O IIPOU3BEJICHUA n-6I/ITOBbIX quceJsI, HeO6XOl[I/HVIO

TIpu KO/KHOM CTapaHHHM MOYKHO CBECTH BCE K AHAJIN3Y TOJILKO BHYTPEHHHUX BEDIIHH.
Brenénnoe nHaMu pasjiesieHne HyKHO TOJIBKO JIJIsl Y00CTBa B JI0KA3aTEHCTBAX.
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BBIYNCINTE 3 npoussegenus (ac, bd, (a + b)(c+ d)) aucen 6uTOBOI [IMHHDI
n/2, 1 HAJITH COOTBETCBYIOILYIO CYMMY 3aTPATHB Ha 5T0 O(n) 371eMeHTapHbIX
onepaiuit. Takum 06pa3oM IPUXOJUM K PEKYPEHTHOM (opmyire:

n

2

T(n)zBT( )—l—cn

cn

n
3_
“3

log, n
9c

. n
3'e—
C2z

Puc. 3.4: /IepeBo pekypcun it ajaroputma KapaiyObt

Haiiiém ¢ momoIpio JepeBa peKypcun Ha puc. 3.4 BpeMst pabOoThI aJIro-
pUTMa; KaK ¥ PAHBIIE OIEHUM 10 OTJEJBbHOCTU BKJIAJ, BHYTPEHHUX BEPIIHH W
kpoubl (h = log, n):

h—1 i _
3 3 o 1=-3/2""
Z,:OC(§) 7L+C3 :Cnl_—?)/2+03 =

nlog23
= 2cn ( — 1) + C’n10g23 — @(n10g23).
n

Jlanee paccMOTpHUM TeOpeMy, MO3BOJIAIONIASd ObBICTPO U YJIOOHO pernraTh
110/T00HBIE PEKYPPEHTHBIE COOTHOIIEHMSI.
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3.0.3 OcunoBuas Teopema(Master theorem)
Nnmeercs PEKYPEHTHOE COOTHOIIIECHNE
T(n) = aT () + ().

B KoTopoM f(n) = O(1) nupu mansix n. Obozuadum d = log, a. Torna crpa-
BEJIJTMBBI CJIC/IYIOIINE YTBEPKICHUS.

1. Ecmu 3e>0: f(n) = 0(n?*), ro T(n) = O(n4).
2. Ecu f(n) = ©(n?), o T(n) = ©(nlogn).
3. Eciim 3 £ > 0 u 0lHOBpEeMEHHO BBIIIOJIHSIIOTCSI YCJIOBHSI

(a) f(n) =Q(n"),
(b) 3c 0<c<l:af (%) <cf(n),

1o T(n) = O(f(n)).

JlokazareabcTBO

[TocTpouMm jiepeBO peKypcuu st OOIIEro caydasi: UCXOTHAs MMo3a/1a9a
pasbuBaercs Ha a MOI3a/a4, KaxKaast pasmepom n/b
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Kak HeTpy/1HO NOHATE, BbICOTA fepeBa h = log, n. B nanpHelimemM anaimnse
HaM OyIyT "acTo TpeboBaThes Clleyiomue cooTHomenus: a® = b (HanoMHuM,
aro d = log, a), a" = @'°&™ = ploss @l = nd Brpaszum T'(n) uepes 1ucsio
oriepaluii BO BHYTPEHHUX BEPIIUHAX U B KPOHE:

Zaf( >+C'nd (1)

1. Yurem, uto f(n) = O(n?°) u onennm nepsoe ciaaraemoe cymmbr (1);
anMeanHH K [IePeX0O/IaM BBIHECEHBI B CHOCKH.

h— e n—t 2 el
ZZa f ( ) Zoalc (&) <en e =cn®e 2 (b°) =
d s(ba) -1
n T = O(n%).
h—1 .
ie (™Y _ ~d

OTtkyna ;a f <b1> O(n%).
Kpowme Toro, Kak GblI0 MOKA3aHO BBIIIE:

h—1
T(n)= Z a'f < ) +dn? > dn?; a smanr T'(n) = Q(n?).

=0

OTKy/a TpUXOMM K yTBEPK/IEHUIO TIEPBOTO ITYHKTA TEOPEMBI.

2. Takzke oneHUM 1epBoe ciaaraeMoe cyMMbl (1), yIuThIBasi Terepb, 4To

f(n) =6(n?).
h—1 n he1 4

i _ i B 4 a B )
;af<ﬁ>_;& <E) —;n =n"-h=n"logn =0O(n"logn).
Taxi obpason;, T(n) = O(n'logn) + ¢n = O(n"logn).

3. Haunéum ¢ ycnosus (b): af (%) < cf(n) ; aif(ﬂ-) < f(n).
h-1 h-1

Soaf () <Fm) D¢ < fin )y td

=0 =0 =0

6

2bd

3pocmosbayencs POPMYIIOi /IS FeOMETPIIECKON TPOTrPECcCHIT
4 bh —
=n

=a

5i pa3 IPEMEHIM 3TO YCJIOBUE
66eckOHeYHO YOBIBAIOMIAS TE€OMETPHUECKAST IPOIPECCHST
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To ectn T'(n) = O(f(n)) + ¢n = O(f(n)), mockouky n? = O(f(n)) B
cuity yesoBust (a).
C apyroit cropost T'(n) = aT (%) + f(n) = f(n), n.e. T(n) = Q(f(n)).

OTKy/1a cjaemnyer yTBEpKICHNE TPEThEro MyHTKA TEOPEMBI.

BarkHo 0TMETUTD, YTO BBIIIEIPUBEIEHHBIE OIIEHKH BEPHLI U JIJIsI COOTHO-
HIeHnI:
n

T(n) = aT(LbD + f(n),
T(n) = aT ({%D + f(n).

DTO CIPaBeTUBO MOTOMY 9TO IIPU PabOTEe C PEKYPPEHTHBIMU COOTHOIITEHUSIMIE
JJIsT JITOPUTMOB MBI IMEEM JIEJIO TOJIbKO ¢ MOHOTOHHbIMU (byHKIusiMu T'(n) —
ecJI 3aJ1a1y MOXKHO PEIIUTh Ha BXOje OOJIbINell JIUTMHBI 38 BpeMs t, TO U Ha
BXOJIe MEHBINEl JIJIMHBI €€ TOyKe MOXKHO PeIuTh 3a BpeMs t. OcTaioch TOIBKO
BOCIIOJIB30BAThCS COOTHOIIEHUEM

VoeN; VneN JheN: b <n <t

KoTOpoe Gepérest u3 cpoiicTs cucreM cunciaenus. (N = N\ {0}, mHO)KecTBO
HATypaJIbHBIX dnces N HadMHAETCS C HYJIS. )
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Jlekimga 4

CoprupoBknu 1

JTumepamypa: [KJIPIII05; KJTP02]

e JleTepMUHMPOBAHHBIN AJTOPUTM TOUCKA k-Oif IMOPSIIKOBOI CTATUCTUKH.

BricTpasi coprupoBka (J1eTepMUHUPOBAHHBINH AJITOPUTM ).

e PamnjiomusupoBanHas ObICTpast COPTUPOBKA, CpejiHee BpeMs PabOThI:

O(nlogn).
e OrneHKN CJI0XKHOCTUA PA3JIMIHBIX aJTOPUTMOB COPTUPOBKU:

— COPTHUPOBKA BCTaBKaMU

4.0.1 k—as nopgakoBasi CTaTHUCTUKA

PaccmorpuM 3aj1aty morcka MakCHMyMa (MM MEHIMYMa) B MAcCHBE. DTa
3ajiava y2Ke pacCMaTpUBaJiach B Kypce M OHa JIET'KO PEIaeTcs 3a JIMHEeTHOoe
BpeMsi: 3allOMUHAEM TEKYIIUii MAKCUMYM U MOC/Ie0BATETbHO OOHOBJISIEM €0
MIPOXO/IA BJIOJTb MACCUBA. AHATOTMIHO MOYKHO HAMTH M BTOPOH MaKCHMYyM,
HO IIOMHHTD yzKe HY2KHO JIBa dJIeMEHTa: TeKYIINe TePBhIil 1 BTOPOI MaKCH-
MyM. Ho 4To eciin MbI 3aX0TUM HANUTH 37IEMEHT, KOTOPBI CTOUT Ha TO3UIUU
n — k B OTCOPTUPOBAHHOM 110 Bo3pacTanuio maccue? Eciau mbr 06001mm
y7Ke UMEIONINICS aJITOPUTM HAXOXKJIEHUs] BTOPOTO MAKCUMYMa, TO IIPUIETCs
OGHOBJIATD TIepBbie k MakcuMmyMoB 3a O(k), 94T0 TPUBEJET K KBAJAPATHIHOMY
anroput™my 1pu k = 4. Brirogmee yzke orcopruposaTh Maccus 3a O(nlogn)
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U B3ATDb k-blif 9/1eMeHT. TeM He MeHee, y 9TOH 3a/1a9u CYIEeCTBYET U U3SIITHBIH
HETPUBUAJILHBIN JIUHEHHBIA PEKYyPCUBHBIN aJIrOPUATM.

s nagana jagum gopMaibHOE OlpejiesieHne. k-0Oit TIOPsIKOBOI CTaTu-
CTUKON HA3BIBAETCS JIEMEHT CTOSIINI HA TO3UIUU k B OTCOPTUPOBAHHOM II0
BO3PACTAHUIO MaccuBe (MHIEKCHI HyMepyeM ¢ enuHuIlpl). Mbl o6o3Hadaem k-
Y10 HOPSAJIKOBYIO CTATUCTUKY Y€pPe3 d (). TaK HallpUMep MUHUMYM U MAKCHUMYM
9TO COOTBETCTBEHHO 1-ast U n-ag MOPSIKOBbIE CTATUCTUKU G(1) U ((yp)-

W3 paccyx)aennii Bbie BUHO, YTO IMTOUCK ITOPSAJKOBON CTATUCTUKI a([%])

SABJISIETCS TPYIHBIM CJIy9YaeM JIjIs HAUBHOTO AJITOPUTMA. DTa HMOPsIKOBas
CTaTUCTHUKa ABJIAETCA BaXKHBIM IIOKa3aTeJIEM B CTaTUCTUKE, a IIOTOMY HOCUT
crienuabHOe Ha3BaHme — meduana. Ham oHa moTpedyercss ' B alrOpUTMe
HUKe, KOTOPBI 9acTo HebOPMAJIbHO HA3BIBAIOT JIETEPMUHUPOBAHHBIM AJII0-
PUTMOM ITOUCKA, ME/IUAHBI.

s yuporenusi HeKOTOPBIX (DOPMAJIBHBIX JIeTajieil B aJlrOpuTMe HUZKE
OyJ/ieM 10J1araTh, 9TO pa3Mep MacChuBa JIEJIUTCA HA D U BCE YHCJIa B MacCUBE
pa3J/InYHbIE.

Anropurm moucka ag) 3a JIMHeiHOe BpeMs

Bxoy: maccus [ag,ag, . . ., G, 1 aucio k. BeIxog: ag).
1. Bxommoit maccus [aq, ag, . . ., a,] JeauM Ha GJIOKE pa3mepa b, T.e.
{0’17 G2, as, a4, a5]7 [a67 o 70110}7 ety [an747 .o 7an]

2. Coprupyem KaxKJplil 0JI0K, MeJuany i-ro 6Ji0ka obo3HadaeM depes m;

3. PekypcuBHO (C UCIOJIB30BAHUEM JAHHOIO aJIFOPUTMA) HAXOIUM MeJjua-
Hy m* MenuaH OJI0KOB, T.e. MEJIUAHY MacCUBa [y, Ma, ..., My, /5].

4. YuopsiiounBaeM 3a JIMHEHHOE BPpeMsI MACCUB G CJIEYIONIIM 0Opa30M:

! / ! * ! !
la}, ay, ..., a;, M a4y o, .. a],

re m*-Memana Mejman, a a; < m* < ajnpui < [+1,5 > [+1. letam
peau3alii OCTABJISIeM B KadeCTBe YIIPayKHEHUs, Jlajiee Mbl U3yInM
s dekTuBHbI aaroput™ Partition, peanusytomuii 9Ty mporesypy.

5. (a) Ecau k =1+ 1, To Bo3BpamaeM m* —9T0 U €CTh UCKOMasl TTOPST-
KOBasl CTATHCTUKA
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(b) Ecim k < I, TO peKypCHBHO 3aITyCKAeM aJIrOPUTM MTOUCKA a’(k) B
MaccuBe cjieBa or m*: [a), ab, ... a]]

(c) Ecim k& > [+ 1, T0 peKypcHBHO 3aIlyCKaeM ajilOPUTM ITOUCKA

/ *, !/ / /
@fy_;_1) Maccuse cupasa oT m*: [aj, o, Qg - - -, Ay

AJroput™M peKkypCcuBeH, MOITOMY KOPPEKTHOCTh HETPY/IHO ITPOBEPUTDH WH-
JIYKITUeil 1o JIJIMHE BXO/IA.

Onenka BpeMeHU padoOThI ajJiIropuTMa

s Havasa OneHuM [, T.e. KOJUYIeCTBO DJIEMEHTOB a; < M*, KOTOPbIE
OKaXKyTcs cJieBa oT m™ mocJe 1mara 4:

JL1s 9TOr0 OIEHUM KOJIMYECTBO MeJIMaH MAaCCUBOB PA30UTHIX Ha D dJIEMEH-
TOB MeHbIIIE JIMOO PABHBIX MEJMAHbI MEJIMAaH: MEJUAH g, MeJaHa MeuaH
GoJibiie JmbO paBHa MOJOBUHBI U3 HUX, nodToMy |{m; : m; < m*}| = -

Eciu m; < m*, To u 3/ieMeHTHBI i-10 OJIOKA, MEHbINNE M,; MEHbIe m*, 1mo-
9TOMY /1T KaXK/I0T0 TAKOTO BMECTe C my; JieBee m™ TapaHTUPOBAHHO OKarKeTCs

emné XoTd ObI JIBa JIEMEHTA MEHBIUX M. TakuM 00pa30M I0JIydaeM, 9TO

an
l=Hai:a;<m™}| > —
{a; : a; <m*}| 10
U COOTBETCTBEHHO
. 3n n
r=\{a; :a; >m }|<n—1—0:1—0,

rJIe 7 — YUCJI0 JIEMEHTOB crpaBa oT m* mnocye mara 4. VI3 cummerpun moJty-
qaeM

3n << ™m
0~ T 10’

3n ™

0S"S 10
Tenepb MOXKHO JIETKO COCTABUTH PEKYPPEHTHOE COOTHOIIEHUE:

n ™
T(n) <T (-) T (2 ,
(n) 3 + 10 +cn

n n
rae T’ (3) uT o) BEpXHUE OIEHKN Ha YMCJIO OIePallnii 3a peKypCUBHbIE

BBIZOBLI Ha ITarax 3 U H COOTBETCTBCHHO.
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Jlst moKazaTeabLeTBa TMHEHHOrO BPEeMEHN PabOThI aJIFOPUTMA, JTOKAZKEM
nostHoM nHyKnueit, ato 1'(n) < dn jyist HeKOTOPOit KOHCTAHTHI d. XUTPOCTH
JIOKA3aTe/ILCTBA B TOM, UYTO MBI He yKazKeM d sIBHO, & JIUIIb JIOKArKeM, 9TO
CYIIECTBYET JOCTATOYHO OOJIbINAs TIOIXO/ISIasd KOHCTAHTA.

Basa: st masibix n cymectByer Hekoropoe d' > 0, takoe uto T'(n) < d'n.

Tar: mokazkem, ato ecsm Jyist d > d' n Beex k < n cupasenymso T'(k) < dk,
to T'(n) < dn.

Bocnoan30BaBIICh IPEJIOXKEHNeM UHILYKIMU, I PEKYPPEHTHBIM COOTHO-
[ICHUEM, [IOJIYYaeM, ITO

T(n) < dﬁ+d7—n+cn <dn
5 10
U3 nocsieiiero nepasencTsa mnojyvaem, 9o d > max(10¢, d’), To ectb npu
takux d HepasencTBo 1'(n) < dn BepHO.
Ob6paTuM BHUMAaHWE, 9TO MBI IIPEHEOPEIrN OKPYTIJIEHUSIMA B IIPOIIECCe
aHaJIU3a AJIFOPUTMA. DTO OUPABIAHHO B CHIIY JIOCTATOYHO GOJIBIIOIO 3a30pa

G=n—%— %. HerasbHblil aHATN3 ¢ yI6TOM OKpYyTJIeHuit ipuBeén B [/ 1P02;
KJIPIIIO5].
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Jlekniiga 5

Coptuposkn II. HimxxHue ornieHkn

JTumepamypa: |Bsn n np. 18] Jlekmms 12, [[1len04] Pazmen 4.4, [IKJIPIII05;
KJIPO2]

CoprupoBku cpaBHeHussMu. MoJiesib pa3penamimux JIepeBbeB, J0Ka3aTe b
CTBO HUXKHUX OIEHOK.

e Urpa «yrajait uncio or 1 10 N».
e JlokazarenncrBo orenku (nlogn) st COPTUPOBOK CPABHEHUSIMU.

e Bunapnbrit monck. HuzkHsist orieHKa Ha ITOUCK 3JIeMEHTa B OTCOPTUPO-
BaHHOM MaCCHBE.

Bajaua noucka F~1(x) ayig MonoTonHo# QyHKIMN.

Copruposka 3a jmaeitnoe Bpems |/ IPIII05; KJTP02].

— CopTupoBKa MoacIéTaMu

— Topaspsauast copruposka (Radix sort) omaoosicena do caedyroweti
AEKUULU

o1
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